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Abstract
The ground-state structures and dynamical properties of nuclei are studied within 
the Hartree-Fock approach using the Skyrme effective interaction. The full energy 
functional, including all the time-odd densities required to preserve Galilean invari­
ance in dynamical simulations, as well as the spin-current tensor density have been 
implemented and tested within a three-dimensional time-dependent Hartree-Fock 
model and their contributions to the overall energy within a selection of systems 
are investigated.
The influence of the tensor component of the Skyrme interaction is studied on 
the single-particle structures in superheavy elements using the spherical Skyrme- 
Hartree-Fock model and a selection of modern forces, including the added tensor 
terms with realistic coupling strength parameters. It is found that the inclusion of 
the tensor terms leads to a modification of the single-particle structure in these nu­
clei, with possible new shell closures predicted to open, particularly within neutron- 
rich isotopes of superheavy elements.
A series of calculations have also been performed for 160  +  160  and 28Si + 
16 O collisions at a variety of centre-of-mass energies and impact parameters in 
order to study the role of the time-odd densities and full spin-current tensor within 
symmetry unrestricted dynamical simulations. The inclusion of the time-odd terms 
is shown to lead to significant modifications to the fusion threshold energies for the 
systems investigated. Fusion thresholds are also found to be modified by the choice 
of coupling strength parameters for the J 2 terms, in particular the contributions 
from the tensor parts even in cases where the terms have little or no contribution 
to the single-particle properties in the nuclear ground-states.
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Chapter 1
Introduction
One of the fundamental challenges in theoretical physics is to understand the prop­
erties of systems with many degrees of freedom in terms of the underlying inter­
actions between their individual components. In the case of self-bound composite 
systems governed by non-relativistic quantum mechanics, significant simplifications 
must be incorporated into the theoretical models in order to render the many-body 
problem tractable [1]. This is exactly the case for describing the structure and dy­
namical properties in nuclear physics [2-4].
The atomic nucleus is a highly correlated many-body system, whose structure 
is defined in terms of the interactions between its proton and neutron constituents. 
Since the dimensions of the mathematical equations describing these interactions 
grow rapidly with system size, they can only be solved exactly using numerical 
techniques for the very simplest of nuclei containing just a few particles. To de­
scribe nuclei that can contain up to several hundreds of nucleons it is necessary 
to make approximations to model the way these microscopic quantum mechanical 
objects behave and interact with each other, based on a knowledge of the under­
lying nuclear force [5]. Our understanding of some of the key components of this 
force between nucleons, the residual strong force, has been gained through study­
ing even the most basic properties of nuclei and has led to the development of a 
set of theoretical models that successfully describe the trends and detailed proper­
ties of a wide range of systems [6]. However, our understanding of the underlying
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many-body interactions is not yet complete.
Recent advancements in experimental techniques using radioactive ion beam 
facilities have provided significant opportunities for the exploration of the exotic 
nuclei that populate the majority of the nuclear chart. Our ability to probe their 
internal structure properties has led to the discovery of several unexpected features 
that provide new challenges for nuclear theory and our current models. Such fea­
tures include halos [7], neutron skins [8] and the evolution of shell structure, which 
leads to changes in the magic numbers away from the region of stability [9]. The 
discovery of these phenomena has led to a revived interest in the development of 
the models employed to describe nuclear properties from ab-initio techniques up to 
the most phenomenological methods, with substantial progress having been made 
in all areas of low-energy nuclear theory in recent years.
1.1 Nuclear Structure M odels
Models for nuclear structure have been developed since the earliest days of nuclear 
physics with the aim of gaining deeper insights into the nuclear force and becoming 
closer to answering some of the most fundamental questions about the physical 
world, including ‘where are the limits of existence for nuclei?’, ‘what are the heaviest 
elements that can be made?’, ‘how does the ordering of quantum states change in 
exotic nuclei’ and ‘what can our understanding of the nuclear force tell us about the 
way the heavy elements are synthesised through collision processes in stars?’ [10]. 
To answer these questions it is essential for nuclear models to be able to accurately 
describe the structure properties of nuclei across the full landscape. At the most 
basic levels these properties include nuclear size, shape and binding energy, as well 
as the precise shell structure within the nucleus and their associated excitation 
spectra.
There are several models available for this purpose that can generally be grouped 
into a series of different approaches. At the most fundamental level are ab-initio 
theories, starting from a given nucleon-nucleon interaction, which is a potential 
that describes nucleon-nucleon scattering data [11] and is obtained from low en-
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ergy QCD [12-14] or diagrammatic techniques [15,16]. This interaction may be 
used as input to compute the equation of state for nuclear matter, or to provide a 
description of finite nuclei, using approaches such as the no-core shell model [17], 
coupled cluster calculations [18] and the unitary correlator method [19]. These ap­
proaches have made considerable progress in recent years, allowing calculations of 
finite nuclei up to A~20 [20]. The models can generally reproduce the basic features 
of nuclei with a precision of ~5% if only two-body forces are employed. However, 
improvements up to a precision of ~1% have been demonstrated when an addi­
tional empirical three-body force has been invoked [18], although the microscopic 
origin of this force is not well understood since the nucleon-nucleon interaction is 
modified with increasing nucleon number in a complicated way. Models of this 
type are computationally demanding, therefore fully microscopic methods cannot 
be presently used for large scale nuclear structure calculations.
At the other extreme of nuclear models are the macroscopic approaches, which 
are based on the liquid drop model [21-23]. The energy functional for the nucleus 
is written in terms of its global properties such as volume energy, symmetry energy, 
incompressibility and surface energy, with coefficients that are treated as free pa­
rameters of the model and are fitted phenomenologically to nuclear data [24]. These 
models provide an excellent description of the average trends of nuclear bulk prop­
erties. However, they are unable to account for the deviations due to quantum shell 
effects [25]. These effects are generally included in the model as a shell-correction 
energy that approximates the quantum shell structure from the single-particle spec­
tra near the Fermi surface and are obtained using a phenomenologically-adjusted 
single-particle potential [26]. The combined macroscopic description with added 
shell corrections constitutes the macroscopic-microscopic approach, which has been 
highly successful over the years for describing the systematics of nuclear proper­
ties [27]. However, this method relies heavily on phenomenological input, which 
introduces uncertainties when extrapolating into the unknown region of exotic nu­
clei.
At an intermediate level there are microscopic models that employ effective 
interactions. These can be divided into two different approaches; the shell model
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and self-consistent mean-field models. The shell model [28] aims at calculating the 
ground-state properties and excitations of nuclei based on a mean-field descrip­
tion built from wavefunctions of a phenomenological single-particle basis, such as 
the harmonic oscillator. Configuration mixing is generally performed [29], which 
involves all the many-body states that can be constructed from the basis states 
around the Fermi energy. The effective interaction for a particular valence space 
may be fitted phenomenologically or may be taken from the G-matrix derived from 
ab-initio calculations with some fine-tuning [30]. However, the dimensions of these 
calculations grow rapidly with the size of the system, requiring the use of further 
techniques such as Monte Carlo methods to study heavier nuclei [31,32].
1.1.1 Self-C onsistent M ean-Field Theory
There are also self-consistent mean-field models that fall between ab-initio and 
macroscopic-microscopic approaches [2-4]. Unlike the shell model, they concen­
trate on a self-consistent determination of the mean-field for the calculation of 
ground-state properties as well as collective excitations of nuclei. In this model the 
mean-field results from averaging the nucleon-nucleon interaction over the single­
particle states, taking into account the Fermi statistics of the nucleons. The ground- 
state energy is calculated using the variational principle, which results in a set of 
non-linear equations that are solved in an iterative manner. The concept is closely 
related to density functional theory for electronic systems, which provides a way 
to systematically map the many-body problem onto a single-body problem [33,34]. 
In electronic systems the correlations are well understood and the energy density 
functionals can be derived directly from ab-initio calculations [35]. However, in the 
case of nuclei the exact nature of the relation between the observed single-particle 
properties and the nucleon-nucleon interaction are not so well understood and al­
though the energy functionals may be motivated from ab-initio theory [36], the free 
parameters of the resulting effective density-dependent interactions are adjusted 
through extensive fits to nuclear structure data. There are several approaches to 
the self-consistent mean field model, with the most widely used being relativistic
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mean-fields [37], Gogny forces [38] and the Skyrme-Hartree-Fock model [2-4]. Cur­
rently self-consistent mean-field theory is the leading approach for describing and 
predicting, in particular, the properties of heavy nuclei, since it is the only approach 
which aims closer to a fully microscopic description of nuclei that is computation­
ally tractable over the entire mass table. In particular effective interactions of the 
Skyrme type, in which the nuclear energy is written as the spatial integral of a local 
energy density, have been widely used within the Hartree-Fock framework due to 
their simplicity and ability to reproduce the experimental data for a large range of 
properties in both stable and exotic nuclei.
The energy functionals employed for self-consistent mean-field calculations in­
clude various correlations that are generally smooth functions of the densities they 
are built from, due to the approximations that are made in their derivation [3]. 
This means that although the functions can incorporate the short- and long-range 
correlations associated with smooth trends, they fail to account for properties that 
vary strongly with shell effects, such as the changes in nuclear shape and surface 
properties when adding or removing nucleons [39,40]. These are known as collec­
tive correlations and may be treated through extensions to the basic self-consistent 
mean-field approach. Such extensions include pairing, which becomes an essential 
ingredient for a realistic description of nuclei far from closed shells and is gener­
ally treated through the BCS approach [5] or the Hartree-Fock-Bogoliubov equa­
tions [3]. The many-body wavefunctions associated with self-consistent mean-field 
plus pairing models break several symmetries of the nuclear Hamiltonian since the 
ground-state wavefunction, built from a single-particle basis, is generally a mixture 
of several states with respect to the broken symmetry [3]. These may be restored 
through beyond mean-field approaches such as particle number [41] and angular 
momentum projection [42], which restore the broken symmetries associated with 
zero energy modes. Configuration mixing, using for example the generator coor­
dinate method [43] may also be used to remove low-lying excitations, including 
surface vibrations, from the ground-state wavefunctions. These modes are asso­
ciated with large amplitude collective motion. Although mean-field models are 
tuned to describing ground-state properties, further extensions such as the time-
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dependent density functional approach [44,45] also allow a successful description 
of nuclear excitation properties such as giant resonances as well as collisions.
One concern with regards to the application of mean-field models for nuclear 
structure calculations is the uncertainty in the phenomenological determination of 
the free parameters in the effective energy functionals [46], where there are two 
philosophies with which to approach the problem of constraining the model pa­
rameters [3]. In the first case, the effective interaction directly gives a prescription 
for determining the coupling constants [47], in which each term in the functional 
contains a coupling constant that is some combination of the interaction parame­
ters. This sets a rigid framework with which to constrain the remaining parameter 
values. On the other hand, the energy density can be considered to be a more 
fundamental construction than the effective interaction itself [48], in which case all 
the coupling constants that arise can be adjusted independently as long as the re­
lations are maintained to provide local gauge invariance of the total energy density 
functional [5].
A large number of parameter sets exist for each type of effective interaction, 
which mainly differ in the experimental data used to constrain the parameters, 
where the different forces (or parameter sets) perform to a comparable degree 
of accuracy in the region of known nuclei [49]. There are however discrepancies 
between the parameterisations when extrapolating to the more exotic regions, such 
as the superheavy elements [50], which expose the deficiencies in our current models. 
The advancements in experimental techniques in recent years have led to a vast 
increase in measurements covering a wider region of the nuclear chart, which may be 
used to develop new parameter fits that incorporate these data, as well as offering 
improved descriptions of asymmetric nuclear matter such as neutron stars. This 
will allow the models to better describe the ground-state structures of established 
nuclei and make more accurate predictions for nuclei at the very limits of stability. 
Improvements of the effective interactions are also required beyond the current 
energy functionals that are employed.
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1.1.2 T he Tensor Interactions
One improvement, in the context of using mean-held models for nuclear structure 
calculations, has been achieved by including the tensor force as part of the effective 
nucleon-nucleon interaction within these models [51-61]. Despite appearing in the 
original functional proposed by Skyrme [62,63], a zero-range tensor component had 
previously been ignored in virtually all applications of the Skyrme-type interaction 
until recently, with most modern mean-held parameterisations having been htted 
without the terms. It was thought that including the tensor terms had a negliga- 
ble effect in terms of reproducing the bulk and single-particle properties of many 
nuclei, so its exclusion merely restricted the number of parameters that needed to 
be constrained in hts to nuclear structure data. However discrepancies between 
experimental data and theoretical calculations, in terms of how the single-particle 
energies evolve with nucleon number, led to a revived interest in the tensor force 
for the description of shell structure [64,65]. Systematic studies including the ten­
sor force showed that it is a contributing factor to changes in spin-orbit splitting, 
particularly in the context of shell evolution in spin unsaturated exotic nuclei [66].
Several studies have since been performed within the Skyrme-Hartree-Fock 
framework to investigate the influence of the tensor component of the effective 
interaction on the single-particle properties of nuclei in various regions of the nu­
clear chart [52-60]. In many cases the tensor terms were added perturbatively to 
the models [52,54, 55,57], i.e. by simply adding optimised values for the tensor 
coupling strengths without refitting the remaining parameters of common Skyrme 
forces, while others made attempts to incorporate the terms by refitting all the 
parameters, making new forces [53,56,58]. However, the majority of these stud­
ies so far have concentrated on the static structure properties of even-even nuclei 
with imposed spherical symmetry within the models. In this case the tensor terms 
have a simplified mathematical form within the total energy density and contribute 
solely to the spin-orbit potential [52].
In the absence of restrictions such as spherical symmetry within the models, 
there are extra contributions to the nuclear energy from the pseudotensor com-
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ponent of the spin-current tensor density, J 2, as well as from the pseudoscalar 
component and time-odd densities in the case of fully unrestricted symmetries (in­
cluding broken time-reversal invariance) [56]. The tensor terms may then have a 
direct impact on the deformation properties as well as the nuclear energy through 
modifications to the single-particle levels and therefore the net spin saturation, due 
to the breaking of spherical shells, introducing new shell structures in the presence 
of deformation.
The time-odd terms in the mean field, arising from the central and spin-orbit 
components as well as the tensor terms, which appear in cases where time-reversal 
invariance is broken, are essential components of the effective interactions and their 
inclusion is also vital for the ability to reproduce nuclear properties associated with 
collective motion, in particular rotations [67,68] and collisions [69].
1.1.3 T he T im e-O dd D ensities
The Skyrme energy functional includes densities that are time-odd with respect 
to time-reversal invariance (regardless of whether the tensor terms are included). 
However, under the assumptions of spherical or axial symmetry in even-even nu­
clei, which is the case for most systematic studies of nuclear structure proper­
ties [56,70-74], these terms vanish and therefore do not contribute to the mean-field 
potential and total energy density. The time-odd terms are only non-zero in situ­
ations when the intrinsic time-reversal invariance is broken, such as in odd-A and 
odd-odd nuclei as well as in dynamics [3]. These terms, and indeed the full Skyrme 
energy functional are themselves time-reversal invariant, however they contain de­
pendencies on currents that are time-odd. They appear in quadratic form or as 
bi-linear products of the time-even densities and currents, satisfying the condition 
that the full functional must conserve Galilean invariance under local gauge trans­
formations [45]. This condition provides a link between the time-even and time-odd 
terms, allowing the time-odd coupling constants to be uniquely determined from 
the time-even ones if one follows the more rigid framework to determine the cou­
pling constants directly from the interaction parameters. Few studies have been
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performed in the past that focus on these contributions due to numerical difficulties 
and as a consequence relatively little is known about the properties of time-odd 
mean fields.
On the contrary the properties of time-even mean fields are well understood, 
since they are reflected in multiple static phenomena that can be tested against 
numerous experimental data [4]. As such, the Skyrme force parameters have in the 
past been almost exclusively fitted to only the static properties of even-even nuclei. 
Recent renewed efforts towards an improved interaction for static nuclear properties 
have led to a few investigations that focussed on identifying the importance and 
impact of the time-odd terms for the description of rotating superdeformed nuclei 
in the cranked Hartree-Fock model [67,68] and fusion properties within the time- 
dependent Hartree-Fock model [69,75]. However, no study to date has provided a 
description of nuclear structure and dynamics using the Skyrme effective interaction 
to its full potential, incorporating both the time-odd and tensor terms.
1.1.4 D ynam ics
The Skyrme-Hartree-Fock model provides an effective energy functional, motivated 
by many-body theory but leaving several parameters that are free to be phenomeno­
logically adjusted and are universally applicable for calculating structure and dy­
namical properties across the full nuclear landscape. Since the role of the mean-field 
is well understood for the description of nuclear ground-states, it provides a natural 
foundation for the exploration of dynamics and this extension is formally straight­
forward. Collective information in dynamic, or time-dependent processes may then 
be supplied through the corresponding time-dependent Hartree-Fock method, in 
which the one-body density matrix that describes the system is evolved by solving 
the time-dependent one-body Schrodinger equation [45].
The time-dependent Hartree-Fock approach is widely used in nuclear physics to 
provide a description of collective states, with applications that include the study of 
small amplitude excitations, i.e. in the limit of harmonic oscillations, such as giant 
resonances [76] or Gamow-Teller resonances [77], as well as large amplitude motion.
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The large amplitude limit within the time-dependent Hartree-Fock approach covers 
a range of phenomena such as fission and fusion properties [78], rotational bands 
[68] and deep inelastic scattering in heavy mass systems [79]. Such microscopic 
approaches are well suited to the kind of open-ended problem posed in the case 
of nuclear collisions, where the complex many-body nature of the processes makes 
it impossible to know in advance the relevant observables and reaction channels. 
The Galilean invariance imposed by the equations ensures conservation of the total 
energy within the system throughout the time evolution process [45], however this 
requires the inclusion of the time-odd terms in the correct combination with the 
time-even ones. Inclusion of the tensor terms is also crucial, as they may lead to 
significant effects when it comes to the energy dissipation and other characteristics 
throughout the collision process.
1.2 Scope of Work
In this work the framework of the self-consistent mean-field theory is investigated 
and developed, and in particular the structure and dynamics of nuclei are studied 
using the Hartree-Fock and time-dependent Hartree-Fock models with the Skyrme 
effective interaction. The role of the tensor force component of the effective nucleon- 
nucleon interaction is investigated on the single-particle properties of nuclei in the 
superheavy region using a spherical Skyrme-Hartree-Fock plus BCS pairing model 
and a selection of modern realistic forces.
Away from the restrictions of static solutions to the Hartree-Fock equations 
under the assumptions of spherical symmetry, the full self-consistent mean-field, 
including all time-odd, spin-current and tensor densities is implemented and tested 
within a three-dimensional time-dependent Hartree-Fock model with the Skyrme 
interaction. The structure and dynamics of nuclei are investigated, in particular 
calculations to simulate inelastic collisions and fusion reactions are performed and 
the contributions from the individual densities and currents within the mean field 
are studied, using the dynamical model to its full potential in terms of performing 
calculations in the presence of deformation using the most modern interactions.
Chapter 2 
M ean-Field Theory
The self-consistent mean-field method, based on the density functional theory 
approach, is a powerful and versatile tool for providing a microscopic quantum- 
mechanical understanding of matter. It was developed for modelling systems and 
processes where the number of interacting bodies, and the complex forces between 
them, prevents an exact solution to the problem. The technique provides a way 
to systematically map the many-body problem onto a one-body problem and has 
been applied to calculate the binding energy of molecules in chemistry [80], the 
band structure of solids [81], as well as providing a highly successful description of 
the ground-state structures of atomic nuclei across the full nuclear landscape [4].
One of the basic building blocks of any mean-field model is a set of single­
particle wavefunctions that are used to construct a one-body density matrix. All 
the observables of the many-body Hamiltonian can then be expressed as functionals 
of the densities. The Hohenberg-Kohn theorem states that knowledge of these 
densities implies a knowledge about the overall wavefunction of the system as well 
as all the ground-state observables [33]. This is convenient since a single density 
contains the same ground-state information as A  single-particle wavefunctions of an 
A-particle system. The most important observable is the ground-state energy and is 
obtained by minimisation of the energy functional with respect to the single-particle 
density via a variational process. Energy density functionals of this type have 
been employed within models based on the Hartree-Fock approximation, enabling
11
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a successful description of the properties of nuclei for many years [82].
2.1 The Hartree-Fock Equations
The central assumption of the Hartree-Fock approach is that the structure proper­
ties of a system, in this case nuclei, can be understood in terms of the force felt by 
each nucleon moving independently in an average potential (or mean field) [5]. This 
mean field is generated by the interactions between all the constituent nucleons in 
the nucleus as described by the nucleon-nucleon force. Since the constituents of 
the nuclear many-body system are fermions and therefore obey the Pauli exclusion 
principle, the wavefunction of the collective state must be antisymmetric under the 
interchange of the coordinates of any two nucleons. This leads to the ansatz for the 
Hartree-Fock approximation that the ground-state trial wavefunction of a nucleus 
containing A nucleons is written as a Slater determinant, or antisymmetrised prod­
uct of occupied states. This Slater determinant is built from a complete orthonor­
mal set of single-particle wavefunctions (the Hartree-Fock basis), <f>i(rj), where rj 
denotes all the spatial, spin and isospin coordinates of the jth  nucleon
$(ri.. .rA) $HF(ri...rA) =
VÀÏ
^ i(ri) ^ iW )
^ ( n )  ^ (rg ) - -
(2.1)
^ ( n )  --- <MT%4)
Although the exact spatial form of the single-particle wavefunctions are initially 
unknown, they may be approximated by oscillator wavefunctions [83,84], with 
the total number of wavefunctions equal to the total number of nucleons in the 
nucleus, unless pairing correlations are considered. The starting point is then the 
full many-body Hamiltonian, written in terms of a one-body kinetic energy term 
and a two-body force for a system of A particles,
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where V (r*, rj) contains all parts of the nucleon-nucleon force, including the Coulomb 
interaction. The philosophy of the mean-field approach is then to represent the two- 
body potential in terms of a one-body mean-field, Ufa),  that incorporates as much 
of the physics of V{ri:rj) as possible. In the Hartree-Fock approach the expecta­
tion value of the total Hamiltonian with respect to the Hartree-Fock wavefunction 
gives an approximation to the ground-state energy
K f
where the notation
J  dr — ^  J  (^ r, (2.4)
is used throughout. The final term in (2.3) takes into account the antisymmetrisa- 
tion under the interchange of any two particles. The optimum Slater determinant 
that best represents the ground-state of the system is the one that minimises the 
expectation value, i.e. produces the lowest energy. This is achieved through the 
variational principle, which requires that the first derivative of the expectation 
value with respect to small changes in all of the single-particle wavefunction must 
be zero,
S^Jr)  = °> (2-5)
where
2m
+
S  [  ^ *M V2<Mr)dr
i=i J
5 53 /  [ <l>*(r )4’j(r ')V(r,r')<t’i(r)<j>j (r')drdr' 
^53/ j  <K(r)<?‘(r'W(r, r ’jçi^r'jÇj^drdr', (2.3)
^ J r )  -  r ')- (2 .6)
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The Lagrange multipliers, q, ensure correct normalisation of the wavefunctions 
throughout the variation process and include the constraint for the conservation of 
particle number within the system,
5 3  /  l<Mr)|2dr =  A, (2.7)
i=l J
and are nothing but the single-particle energies calculated from solution of the 
Schrodinger equation for the single-particle Hamiltonian,
N& M ) =  (2.8)
The Hartree-Fock equations are then obtained from (2.3) and (2.5),
W i(r) = -  ^ V ^ ( r )  +  ^ ( / ) y ( r , / ) ^ ( 7 ') ^ ( / ) ( Z /
A r
-  5 3  /  ^ ( r 'M r ,  /)< M r% (r)d r '. (2.9)
The second term in the above expression is known as the direct, or ‘Hartree’ term,
Uÿ{r) = 5 3  /  ^ X r 'M r , r % ( / ) d r ',  (2.10)
3>i
since it is a local potential that depends only on the one-body density,
A
p(r) =  5 3 ^ W ^ W -  (2-11)
3=1
The third term in (2.9) is called the exchange, or ‘Fock’ potential,
A
(r , r') = '^24)*(r,)V(r,r')(j)j {r), (2.12)
3>i
which results from the antisymmetrisation of the many-body wavefunction. It is 
a non-local potential with the coordinate r z, that is integrated over, appearing in
the wavefunction that is to be solved. Its non-local density matrix is defined as
A
X r,r ')  =  5 3 # ( r % ( r ) .  (2.13)
2 = 1
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This leads to a simplified expression for the Hartree-Fock equations,
ez&M = _ ^ v2<Wr ) + UH \r ) M r ) ~ J  U[p\r,r')(t)i{r')dr\ (2.14)
which look like the regular one-body Schrodinger equation, with the extra non-local 
term. Its solution yields a set of single-particle wavefunctions that form the ground- 
state Slater determinant, or one-body density matrix. However, since the potentials 
depend on the wavefunctions that are being solved for, it makes the equations non­
linear and they therefore require a self-consistent, or iterative solution. In practical 
terms that means starting with the trial single-particle wavefunctions, then using 
the chosen interaction to construct the potential, solving the Schrodinger equation 
in the presence of this potential to calculate new values for the single-particle 
energies and corresponding wavefunctions until convergence is reached according 
to the set criteria.
Within the Hartree-Fock approach, the particular system under investigation 
is specified by choosing the relevant two-body potential. The Coulomb and kinetic 
interactions are universal functions for all systems, independent of y (r , r z), which 
require reliable approximations to represent them [34], and the potential U{r) may 
be approximated in several ways [4]. Since the self-consistent mean-field method 
is formally exact, the performance of a given model for describing ground-state 
properties depends on the qualilty of the approximation, i. e. the density functional 
employed.
A fully fledged parameter-free ab-initio treatment of finite nuclei is still beyond 
present-day capabilities. Data from nucleon-nucleon scattering experiments may be 
used to identify the functional form required for the potential and determine which 
terms are important for describing certain properties [5], although the presence of 
many other nucleons in the system is known to modify the scattering behaviour, due 
to a non-linear growth of the many-body potential, making a more phenomenolog­
ical treatment necessary. Effective interactions are therefore commonly employed 
in connection with self-consistent mean-field models, which contain several free pa­
rameters but are not directly related to the nucleon-nucleon properties observed
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in scattering experiments. In early studies within the Hartree-Fock framework the 
local density approximation was invoked in order to derive finite-range momentum- 
dependent interactions directly from the bare nucleon-nucleon force [82]. Although 
these calculations reproduced qualitatively the basic features of many nuclei, they 
failed at the quantitative level. The success of the self-consistent mean-field model 
for nuclear physics came when the connection between the effective interaction 
and the bare nucleon-nucleon interaction was abandoned and the interactions, tai­
lored for use within these models were directly adjusted to the observables of finite 
nuclei [38,47] with the philosophy that a single-set of interaction parameters are ap­
plicable for the description of structure properties over the full range of the nuclear 
chart.
The short range of the nuclear interaction and the long wavelength of the single­
nucleon states leads to the assumption of a Taylor expansion of zero-range inter­
actions in momentum space [48], i.e. a local interaction with a spatial dependence 
S(r — r'). The potential depends on the positions, momenta, spins and isospins of 
the nucleons and its functional form is restricted by certain symmetry requirements 
such as translational, rotational, Galilean and time-reversal invariance [45]. This 
local density approximation leads to a simplification of the Hartree-Fock equations, 
in which the exchange term becomes similar in mathematical form to the direct 
term. This is the ansatz for the Skyrme interaction, one of the most widely used ef­
fective interactions of this type within mean-field models for calculations of nuclear 
properties [63].
2.2 The Skyrme Effective Interaction
The Skyrme interaction for nuclear structure calculations was developed from the 
idea that the energy functional could be expressed in terms of a zero-range expan­
sion, leading to a simple derivation of the Hartree-Fock equations, in which the 
exchange terms have the same mathematical structure as the direct terms. This 
approximation greatly reduces the number of integrations over single-particle states 
when solving the equations. Many-body correlations are accounted for through the
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momentum and density dependent terms up to the second order and its local na­
ture is consistent with the idea of a smoothly varying dependence of the mean-held 
on the spatial coordinates [85]. In the Skyrme-Hartree-Fock approach the total 
binding energy of the system is given by the sum of the kinetic and Coulomb ener­
gies as well as the Skyrme energy functional that models the effective interaction 
between nucleons [3]
E = Ecoul + Ekin + J  Sskydr. (2.15)
Each of these energies is defined in terms of local densities and currents and are 
obtained from non-local densities,
p(r,r') = ^ 2 p q(ra,r'a) =  ^  <^ *(rz, a, g)<^(r, a, g),
a,q i,a,q
S(r,r') = ^  p9(raycr')(cr'|<T|<7) =  ^  ^ ( r ' ,q)â(j}i(r,a,q), (2.16)
a,a',q ,q
with isospin, g, spin, er, and position, (r, r z), coordinates respectively, by setting 
r' = r  after the derivatives are evaluated. There are seven such local densities,
p(r) =  p(r,rz)|r'=r, 
r (r) =  V • V zy9(r,rz)|r,=r,
S(r) = S(r, r z)|r/=r,
Tf,(r) = V  • V z5M( r , r z)|r/=r,
"  ( v ^ - v ; ) s v(r ,r ')k = r,
M r )  = 5 è  +  K V -) M r ,  r')|r-=r, (2.17)
v = x
which are the scalar particle density, p(r), and kinetic density, r(r), the vector 
spin density, 5 (r), spin-kinetic density, T (r), and current density, j(r),  the tensor 
spin-current density, J ^ r ) ,  and the pseudovector tensor-kinetic density, F(r),  
where p and v indicate the cartesian coordinate components {x, y, z}.
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The contribution to the total binding energy from the kinetic energy term is 
then given by
ft2 f
E k i n  — 7 ^  / Tdr. (2.18)
The Coulomb part of the energy functional depends only on the charge density of 
the nucleus, however in many cases an approximation is made that replaces the 
charge density, Pch(r), with the proton density, pP(r), where the functional contains 
a direct term, dependent on the local density
(2.19)
and an exchange term, which is generally included in the spirit of the local density 
approximation, using the Slater approximation [86]
E c o u l  = “ J e2 J  Pp{r)4/Sdr. (2.20)
The Skyrme effective interaction that leads to £sk is a two-body density-dependent 
interaction that models the strong force in the particle-hole channel and contains 
central, spin-orbit and tensor contributions in coordinate space representation, 
given by [87]
VskfrhTi) — to(l + XoPa)6i2
+ k' 5\2 +  5\2k*2 (1 + æi^ )
T^2 ^1 + X2plj j^ k 1812k
+ |  ( i + X3pP)p ( r L ± i i  
+iWokrôi2 (tri +  cr2) x k
4
812
3(cf1 • k'){â2 • k') — (cri • <72)A;/2
+ ^ 1 2  [3(<fi • k)(â2 • k) -  [ai ■ â 2)k2] 'j 
+tQ [3(<t! • k ,)8i2(o:2 • k) -  (cf1 • <f2)fc/^12fc], (2.21)
where
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Si2 =  S(r1 - r 2), (2.22)
and
fc = “ (Vj-Vj)
k' = | ( V i - V ' )  (2.23)
are the relative momentum operators, which operate on the wavefunctions to the 
right and to the left (i.e. the complex conjugate wavefunctions, with coordinate 
r') respectively. Also
Po-= - ( 1  + «Ti • cf2) (2.24)
is the spin-exchange operator, with & representing the Pauli spin matrices. Wo, a, 
tn, xn, te and tQ are the free parameters, which are fitted to nuclear structure data. 
Each of the terms give rise to both time-even and time-odd densities within the 
Hartree-Fock equations. The to term represents a zero-range central potential, and 
the ti and t2 terms are non-local, since they depend on the gradient of the densities 
and have both central and exchange components with the range of the potential
related to ti/|to| [4]. The term containing W0 represents the spin-orbit part of
the nucleon-nucleon interaction and the tg term is an effective density-dependent 
interaction. This term is of particular importance as it provides the appropriate 
saturation properties, securing the success of the Skyrme-Hartree-Fock model for 
the description of finite nuclei. This component was originally formulated as a zero- 
range three-body force, written in terms of a two-body density-dependent term in 
the time-even functional, which is the case if a  =  1, however it was found that the 
first generation of Skyrme interactions using this definition led to incompressibility 
values that were too high [47], so values of 1/6 < a < 1/3 were introduced in more 
modern parameterisations, losing the connection with a three-body force [88]. The 
terms proportional to te and tQ represent a local two-body tensor component of 
the interaction, but have been largely neglected until recently in studies of nuclear
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structure properties and in particular were excluded in the fitting procedure of 
most modern Skyrme parameter sets. This will be discussed further in the next 
sections.
The Skyrme energy, Esk, is derived by evaluating
E s k  =  \ E  J ^ ) ^ M ) v S k ( r i , r 2) ( l  -  P m P A )
X (f)i{r1) 4 ) j ( r 2 ) d r i d r 2 d r ' 1dr'2 (2.25)
where Pm, Pa and Pq = 6qiq2 (with q = +1/2 = p for protons and q = —1/2 = n for 
neutrons) are the position, spin and isospin exchange operators respectively, which 
account for the antisymmetrisation of the overall state. The Majorana operator, 
Pm, has a value of 1 or -1 depending on whether the power of the momentum 
operator, k  in (2.21) is even or odd respectively and isospin exchange operator 
arises due to the assumption that there is no charge mixing of the Hartree-Fock 
states. Each of the terms of the full Skyrme interaction are evaluated without any 
further assumptions or symmetry restrictions and written in terms of the densities, 
(2.17), as shown below.
2.2.1 The Central Term
The component of the Skyrme interaction proportional to to in (2.21) is inserted 
into (2.25) with a value of Pm = 1, where
(1+æ0Pct)(1—PmPo-Tq) — ~ (^o T l)~b~(d^-d^)(^—<^^), (2.26)
which leads to
Pli = '2'Yl J - <W (so + 1)
+ (ài • à 2) {xq — Sqiq2)
x <Mri)<^(r2)} dr1dr2dr'1dr'2 (2.27)
ri=r'l=r2=r2
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This expression may also be written in terms of the densities defined in (2.16) in 
the following way,
E% = /  | |  (1 _  \ X°) P{r ^ r 'l)p(r ^ r '2)
(æ0 +  1) 5 3  A(r i ’ r i)Pq(r2 , r'2) +  ^ S ( r lt ri) • S(r2, r'2)
- j  53 S<i(r i>r 'i) ' s <:(r '^r 2) Id r1dr2dr'1dr2
9 J
(2.28)
which gives rise to an expression for the zero-range central component of the Skyrme 
interaction that is written in terms of the time-even and time-odd densities defined 
in (2.17),
to
2
+ i
1 + p(r)2 -  (%  +  0
x0S { r f  - ^ 2 s g(r)‘ (2.29)
2.2.2 D ensity  D ependence
The term proportional to t3 is similar to that of to, except for a density-dependence 
proportional to the factor a, giving rise to,
=  f  y ^ ( 1 + \ x^j pM W ^ p (
~ii +5) (
^ “• S f r j . r i )  • S { r 2,r'2) p (  T l + T 2
ri + r 2 
2
r i  +  r 2
24 (2.30)
5 3  ^ 9 (^1 , ^ )  • ^ 9 (^2 , r'2)p 
which once again produces an expression in terms of the densities,
ri=T/1=T2=7*2
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Ell =
h
12
+â
1 + ^ 3)  / ’ ( r ) ° + 2  _  ( x3+ 0 p(.r )a T , p^ ‘
xzp{r)aS ( r f  -  p(rY  ^  S <il-r f (2.31)
2.2.3 M om entum  D ependence  
The ti Term
Since the ^  term contains an even power of the momentum, k, the Majorana 
operator also has the value Pm = 1 for this case, leading to
(1 + XiPa)(l — PMPaPq) = +  2 X^j  "*™ ^9192 ” 2 )  2 ^ 1 " **2^ Xl ~ 9^192);
(2.32)
with
k 2 + k'2 = - - [V? + V  ^+  V'12 + V ? - 2 V 1- V 2 - 2 V ; - v y  
=  - [ V î  +  V f - V i - V j - V i - V ' ] . (2.33)
The ti then term reads
E% =
X
E  /  W)^îW) [vî + V? -  Va • v 2 -  v ;  • V']
i ,3
1 ~ 2 X°J ~  9^192 ( * 0  + 1 ) + J  ( ^ 1  * ^ 2 ) (Xo — #91%)
x (r 1 )</>-,• (r 2 ) I  dr 1 dr 2 dr i dr 2
or, in terms of the full non-local densities
(2.34)
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■V2p(r2 ,r'2)
+  V X r i ,  r i) • V'2p(r2, r'2) -  p(r2, r'2) (V? +  V f) p(rl5 ri)
- t (xi + 1 )5 3 V ipg(r i,r i)  • V 2pq(r2, r 2)
+  V i^ (r i ,  r i) • V 2pq(r2, r 2) -  pq(r2, r 2) (V? +  V f) pq(ru r[)
t\Xi
16 (V ,i^ (r i, ri) V ,2^ ( r 2, r )^ +  ri) V ^ /r g ,  ri))L li,v
- 5 ( r 2,^ ) - ( V ?  +  V f) S ^ r i ) (2.35)
-  5 3  ( v -i5'»,f(r i . r i)Vv2 .S'g,A,(r2,r^)
,^1/
dridr^r^dr^+ 'S'u,/* (r l i r i ) VrfSqji( r 2 1 l’a)
/ _ J ri=r,1=r2=r2
where V and S are vectors in coordinate space (S' is defined in (2.17) in terms of
the Pauli spin matrices), which are evaluated as the sum of components,
(tfi • <f2) (Vi • V 2) =  5 3  (<71,74 (V iV a),, (2.36)
H,u—x
where p and v are the components in cartesian coordinates. There are several 
identities that are useful for evaluating the time-even densities as outlined in [45],
(V2 +  V '2M r ,r ') =  V 2p(r) — 2r(r), (2.37)
and
[Vp(r,r')]
[V'p(r,r')]
= %Vp(r) + y (r )  
=  ^V p(r) -  i j{r) , (2.38)
Mean-Field Theory 24
as well as the time-odd ones,
(V2 +  V ,2 )S„(r,r') =  V % (r)  -  2Tll(r), (2.39)
and
[V„S„(rV)]
[V '^ ( r , r ' ) \ (2.40)
The following relations may also be used to link certain expressions through in­
tegration by parts, where it is understood that these identities only hold when 
integration of the energy density over r  is assumed [68],
(Vp(r ) ) 2 =  -p ( r )V 2p(r), (2.41)
and
É  ( V A ( r ) ) 2 =  -  Ê  S » V 2 S„(r).
H ,v = x
(2.42)
Using the identities and relations defined above on the terms in (2.35), the final 
expression for the contribution from the momentum dependent part of the Skyrme 
energy, proportional to U, becomes
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The t2 Term
The term proportional to t2 is similar to the t\ term but with an odd power of 
momentum, therefore Pm =  —1 , where
k  k '  =  tv, • v; + v 2 • v' -  Vi • v' -  v 2 • v;]
= ~  [Vi • V i -  V ! . v a  , (2.44)
leading to
E% = l ( 1 + l X2
^ ( r a y a J V i .V i ^ n . r i )
-  Vi/?9(ri,r*i) • V'2pq{r2y 2) 
E  ( s À ^ r ^ y ^ V U S ^ V u r ’,) 
^ , i S ^ r u r \ ) V ' ^ ( r 2 y 2) \
L At,i/
2^ ^ 2 E
q L
■dridrqdr^dr^
(2.45)
Once again the definition of the densities, (2.17), identities (2.37) to (2.40), along 
with the relations using integration by parts, (2.41) and (2.42), give rise to the 
expression
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El1  -  /{ii
+ i
+
1 + ^ 2^ p(r)V2p(r) +  ^
1 + 5 ^ 2  j  (p(r)r(r) -  j ( r ) 2)
+ f ^ 2  + ^ )  S  (pq(r)rq(r) -  j q(r)2) 
^ ' q
=2 ( s ( r ) . T ( r ) - ^ j M  
\  /
+ E ( ^ w
q \  tiyV / .
x2 S(r) ■ V2 S(r) +  ^  S ,(r) ■ V % (r) (2.46)
2.2.4 The Spin-O rbit Term
The spin-orbit interaction is an essential ingredient in every nuclear structure model 
for the description of single-particle properties. The momentum-dependent spin- 
orbit term that forms part of the effective Skyrme interaction is a special case 
of the zero-range two-body spin-orbit interaction originally proposed by Bell and 
Skyrme [89], which gives rise to a one-body potential in the mean-held approach 
[45]. A simple spin-orbit interaction, such as the term proportional to Wq in (2 .2 1 ), 
allows for the qualitative description of the global features of shell structure and is 
responsible for the observed magic numbers in nuclei heavier than N  = Z = 2Q. In 
spin saturated nuclei, when the orbitals of both spin-orbit partners are filled, the 
potential stems purely from the spin-orbit interaction, however in spin unsaturated 
nuclei there are extra contributions from the exchange parts of the central term 
(the cartesian JMI/(r ) 2 components) and from the tensor force.
The contribution to the Skyrme energy from the spin-orbit term is calculated 
in the same way as the central and density dependent terms, using Pm =  —1 , as 
well as
(<7i +  <72) ^1 — P M P a P ^ j — (< fi +  <f2) (1  +  àqiq2) , (2.47)
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and
(ài + â 2)-(l + ôqiq2) k x k '  — —-  (1 + ^ 1g2)dii-[(Vi x Vg) — (V^ x V 2 )]. (2.48) 
The term is evaluated as
Fw0 _  iW 0
sk 4 V i x S(ri ,r[)  • V 2p{r2 ,r'2)
-  V i x 5 ( r i ,r i )  • V 2p(r2 , r^)
+ E
9 L
Vi x 5 g (ri,ri) • V 2pq(r2 , r 2) (2.49)
-  V i x 5 g(r i ,r i)  • V 2Pq(r2 , r 2) ■dridr2dr[dr2
Using (2.38), the definition for the current density j (r )  and the following identities, 
which arise through integration by parts [6 8 ]
Vp(r) • J(r)  = —p(r)V  • J (r) ,
where
J(.r ) — "y ]
li,v
and
(2.50)
(2.51)
j (r)  • V  x S(r) = S(r)  • V  x j(r),  
the energy contribution from the spin-orbit interaction becomes
(2.52)
= / Wo2 (p(r)V - J(r)) +  (pg(r)V - J g(r))
Wo
2
S(r) ■ (V x j(r))  +  ^  5,(r) • (V x j q(r)) dr. (2.53)
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2.2.5 T he Tensor Terms
The tensor force also plays a crucial role for the description of nuclear properties 
and is therefore a necessary ingredient of the nucleon-nucleon interaction [90]. It is 
present in all ab-initio approaches [91,92], and in fact all approaches starting from 
the bare nucleon-nucleon interaction find that nuclei are not bound without taking 
it into account [93,94]. Despite this, it has in the past, been absent as a component 
of most modern mean-held methods. The first experimental signature of the tensor 
force was the small, but finite quadrupole moment of the deuteron [95]. It has since 
been shown to also play a role in the shell structure of exotic nuclei [64,65], resulting 
in shifts in the magic numbers towards the drip-lines in some cases. In particular, 
the discrepancies between model predictions and experimental data, involving the 
manner in which the single-particle structure evolves as a function of proton and 
neutron number, have been shown to be at least partly attributed to the tensor 
force [6 6 ]. These findings, resulting from studies focussing on the monopole effect 
of the tensor force from a mean-held perspective, triggered a renewed interest in the 
tensor interaction within the framework of self-consistent mean-held approaches. 
Several new studies have been performed in recent years, particularly in the context 
of the Skyrme-Hartree-Fock model [53-56], but also within the relativistic mean- 
held model [61], and the Gogny force [96].
The tensor force originates from pion exchange processes, with central and 
tensor couplings [97], and induces a correlation between the spatial and spin coor­
dinates of nucleons with different isospin. The contribution from the tensor force 
to the single-particle energies huctuates with the filling of shells, and therefore the 
net spin saturation of each nucleus [6 6 ]. As nucleons are added to a particular 
orbit, with a given total angular momentum, j, the single-particle energy of the 
orbit with opposite isospin is modihed, where the tensor force has its largest contri­
bution in spin unsaturated nuclei. The movement of the single-particle levels due 
to the tensor interaction can be understood in an intuitive way and is represented 
in hgure 2.1 [6 6 ]. It shows the distribution of the spatial wavefunctions for two in­
teracting nucleons in orbitals with opposing isospin and parallel spin. The valence
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protons may occupy total angular momentum states with either jf> =  Z + 1/2 or 
j< = I — 1/2, while neutrons can similarly occupy or If the two nucleons 
move in opposite directions, (la), there is a high relative momentum between the 
nucleons, so the wavefunction of the relative motion is narrowly distributed in the 
direction of orbital momentum. This situation is energetically favourable so the 
tensor force works attractively between the two orbits. If the nucleons are both in 
j > (or j K) orbitals, the tensor force produces a repulsive effect between them and 
the wavefunction of the relative motion is stretched in the direction of the collision. 
The effect of the tensor force is strongest between nucleons near the Fermi surface, 
which have similar orbital angular momenta, I. The overall role of the this force is 
a contribution to the binding energy of the nucleus and to the spin-orbit splitting 
of single-particle levels, however, within the self-consistent mean-field approach the 
effect on the binding energy may be minimised by making an appropriate choice 
for the interaction coupling constants, leaving nothing but a correction to the spin- 
orbit splittings [91].
repulsionattraction
Q spin w ave function of relative motion
Figure 2.1: Intuitive picture of the tensor force acting on two nucleon orbits j  and
f  [66].
The tensor terms within the Skyrme effective interaction [63] are constructed as 
a zero-range force with an even term, proportional to T — Ste in (2 .2 1 ), which mixes 
states of relative S- and D-waves and an odd term, U = 3t0, mixing relative P- and
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F-waves. The terms contain a momentum dependence that takes the finite-range 
of the interaction into account. Representation of the tensor force, a long-range 
pion-exchange process, as a short-range non-local effective interaction has been 
shown to be justified [52], since the main effect of its long-range within a mean- 
held calculation is to introduce a suppression factor that is almost constant for all 
nuclei with mass number greater than A~28. As a consequence, the contribution of 
the tensor force to the energy density is parameterised with values of the coupling 
strengths that are constant for all nuclei, in keeping with the philosophy of the 
energy density functional approach.
The te Term
Starting with the term proportional to te from (2.21), the energy contribution from 
tensor component is calculated from (2.25), using PM = 1 for the even powers of 
momentum, with Pa = 1 for both the te and tQ term, since the tensor force only has 
a non-zero contribution when the spins of the two nucleons are parallel, leading to
(2.54)
where
(<T! • <f2) [fc2 + fc'2] =  - i  (rfj • (f2) [V? +  Vi2 -  V i • V 2 -  v ;  • v y  , (2.55)
and
[(oq • k) (<f2 • k)
+ (<fi. fc') (<r2 • fc')] =  i  [(<71. Vi) (<t 2 ■ V 2) +  (<7i. V'j) (<f2 • v y  
-2 (< f1 . Vi) (<r2 . V i) -2 (< 7 i. V i) (<r2 • Vi)
+  (<ti • V 2) (<t2 • V 2) +  (<7i • V i) (<f2 • V i)] . (2.56)
This term becomes
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=
3t,
91,92,//,!/
(VMi5M(ri,r i))  (Vu2S„(r2 ,r'2))
+ + (V ^ X n X ))
+ (VMi5I/(r1,ri)) ( V ^ K r ' ) )  -  23^ 2,
- 2 ^(T-2 ,^ ) V ^  (VL2 & (n ,r ;) )
+  ^  (! “  9^192) r ,
9 1 ,9 2 ,/ / , / /
- ( V ^ n . r i J H V ^ K r i ) )
S»(ra, (V ^ +  V%) S ^ n , r l )  (2.57)
-  (V ^ S^ n.rD ) (V;2S,(r2,r')) ‘dr1dr2dr'1dr /2
The tQ Term
Similarly, the odd component of the tensor force, or t0 term is evaluated using 
Pm = —1 ,
( l  — PMPaPq^ — ( 1  +  Ôqiq2) , (2.58)
with
(<7l • (72) fc * ^  = g (<fl • (72) [Vi - V i -  V i • V'2] , (2.59)
and
((Ti - &') ((72 ' fc) =  ^ [(<fl ' V i) ((72 - V i) +  ((7i - V ^  ((72 - Vg)
-  ((7i - V i) ((72 ' Vg) -  ((7i - V i) ((72 » Vi)] , (2.60)
leading to the expression
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Eli = J  {v ^ +s,,ig^  T,I qim,w S^(r2 ,r'2 )VMl (VLi& (n,rO)
+ S'p(r1,r'1)v;2(V„2S,(r2,r')) -  ( V ^ n X ) )  {Vv2Sv{r2,r'2)) 
- ( V ^ S ^ n . r l ) )  ( V ^ S .X .r ') )
qi,<l2,lL,V L
(2.61)
(VjaS.XX)) (V;25„(r2,r'2)) ■dridr2rfr( ^ r ’2
ri=r^=r’2=r’2
The Full Tensor Component
The equations (2.57) and (2.61) are then combined to evaluate the total energy 
contribution from the tensor component. Once again the relations (2.39), (2.40) 
and (2.42) are required, along with the following expression (derived in Appendix
A),
Z  r') (v;v[, + V„V„) S„(r, r')
fj,v
- ( 2S(r).F(r) + (V-S(r))2),
(2.62)
where
(V • S(r))2 = Z  (VA(r))(V^(r)) = Z  (V ^rM V ^r)), (2.63)
as well as
f J . , V = X f l , U = X
Z (V;SM(r, r')) (V,5,(r, r')) = Z " iJW-W)
/XI/ /XI/  ^ /
x ( - V ^ ( r )  +  zJ^(r)
= t (V • S(r))2 + ^ Z  (?-64)
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and
^ ( V ^ ( r , r ' ) )  (VA Xr,,-')) 1^ ,  =  ^  Q v MS,(r) -
flV ' '
y' ( \ V,/S^ r ) + iJ ‘7.(r ))
= ^ (V .S (r ) ) 2 + 5 3 j^ (r )J ^ (r ).
/il/
(2.65)
This leads to an overall contribution from the tensor terms of
j T i t e n s o r- s^k
_3^
Ï6
3
+ 4
(3  ^-  4) (V - S(r))2 -  (34 + 4) ] ] ( V  - ^(r))'
Q
(te + to) | s ( r )  • T(r) -  JoJr f j
~ (te ~ tB) y  |S g(r) • T q(r) -  y  Jg,^ (r)2 j 
g X nv /
(te +  to) ^s (r )  ■ F(r)  -  i  j
- (te - t o ) y (  S q(r) ■ F q(r) -  y  J ^ o ^ J ^ r )
Hu
1
"*"Ï6  — ^  ^ (r ) ' V2 S(r)
- ( 3 t e + to)5 ] s gM - V 2 S g(r) dr. (2.66)
These terms from the Skyrme effective interaction have often been disregarded 
for calculations of nuclear properties within the Hartree-Fock model since it was 
believed that their overall effect on the bulk and single-particle properties was neg­
ligible. The exclusion of the tensor force from the energy functional was convenient, 
since it allowed the number of free parameters to be restricted when fitting Skyrme 
forces to experimental data [47]. There was some early exploratory work in the 
1970s [52], which found that adding the tensor force perturbatively to an existing 
parameter set within the Skyrme-Hartree-Fock model improved the description of
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are the combination of central and tensor parameters in the Skyrme interaction that 
contribute to the like-particle, (Jn(r)2 + J p(r)2), and proton-neutron, J n( r )J p(r), 
components of the spin-current vector respectively within the total energy density. 
The more recent studies based on different Skyrme forces have reached similar 
conclusions.
A number of new Skyrme forces have also been proposed, which include the 
tensor terms within the fit procedure [53,56]. Brown et al have made a complete 
parameter refit using the same fit protocol as for the existing Skx Skyrme force, but 
including a zero-range tensor force calibrated to finite-range G-matrix calculations 
[53]. Lesinski et al. have also produced a set of 36 new parameterisations [56] 
and studied their impact on the spin-orbit splitting and single-particle spectra 
in doubly magic nuclei, as well as on the deformation properties in semi-magic 
nuclei in a later study [58]. The conclusions of this work point out that whilst 
a perturbative treatment of the tensor terms may provide a useful tool for the 
initial exploration of their effects in systematic studies, it is imperative that refits 
should be made including these terms, as they are of great value for the purposes 
of creating improved energy functionals.
2.2.6 T he Full Skyrm e Functional
The full form of the Skyrme functional is obtained through the derivation outlined 
in sections 2.2.1 to 2.2.5, by combining the central, spin-orbit and tensor terms 
into the densities defined in (2.17) with the appropriate combinations of Skyrme 
parameters. It is often advantageous to recouple the proton and neutron densities 
into isoscalar, t =  0 , contributions,
/%(r) =  ,9n(r) +  pp(r), (2.69)
and isovector, £ =  1 , contributions,
pi{r) = Pn(r) -  pp(r), (2.70)
for formal discussions of the physical content of the functional, where the remaining
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spin-orbit splitting in some magic nuclei. A number of Skyrme parameter sets 
were also introduced by some authors [98,99], which included the tensor terms 
and which were fitted to reproduce selected spin-orbit splittings in doubly magic 
nuclei in order to study the effect of the tensor force on single-particle properties. 
However, the most commonly used modern Skyrme forces were all fitted excluding 
any contribution from the this force.
A revived interest in the tensor force for the description of shell structure in 
exotic nuclei has led to several recent studies in which the tensor terms have once 
again been included within the Skyrme-Hartree-Fock framework [53-59]. In many 
of these cases the tensor terms were added perturbatively, by obtaining optimised 
values for the two tensor coupling strengths, te and t0, from fits to single-particle 
data without refitting the remaining Skyrme parameters [54,55,57]. Introduction 
of the tensor force in this way does not destroy the capabilities of the models 
to reproduce the binding energy and other bulk properties, since a careful selec­
tion of the tensor parameters allows the overall effect on these properties to be 
minimised, whilst allowing for an improved description of the selected spin-orbit 
splittings. These recent studies are based on the earlier work by Stancu, Brink 
and Flocard [52], in which the tensor terms were added perturbatively to the SIII 
Skyrme force under the assumptions of spherical symmetry. In this case only the 
vector component of the spin current tensor, J(r), defined by equation (2.51), con­
tributes to the energy density and the spin-orbit potential with the same form as 
the exchange term of the non-local part of the central Skyrme interaction. It was 
found that the optimal coupling strength parameters were located in a triangle in 
the two-dimensional (a, /?) plane, in the quadrant with negative a values, positive 
P and with a  % —/), where
— t\Xi — 12X2) + - t 0> (2.67)
and
1 5
fi — —g + t2X2) +  -  (te +  t0) (2.68)
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densities and currents are similarly decomposed. Using this convention the full 
Skyrme energy functional is written as [56],
where the coupling constants in this equation are defined in terms of the Skyrme 
force parameters and are given in Appendix B.
The total energy functional is required to be invariant with respect to parity, 
spatial and isospin rotations, spatial inversions and time-reversal, which is achieved 
through its construction from local densities that have certain properties under local 
gauge transformations [100]. These include the time-even densities, p(r), r(r) and 
Jfxiy(r) as well as the time-odd ones, S'(r), X(r), j (r)  and F(r)  as defined in
(2.71) and that appear in the necessary bi-linear combinations required to fulfil the 
criteria of time-reversal invariance of the Skyrme functional.
It is sometimes convenient for the cartesian spin-current tensor density, ^ ( r ) ,  
to be separated into its pseudoscalar, antisymmetric vector and symmetric pseu­
dotensor components, Jo(r), J(r)  and J2 (r), which are prefered by some authors 
since they have well-defined transformation properties under rotations. In this in­
stance, the three bi-linear terms in (2.71), written in cartesian coordinates, are 
recoupled into [56],
{ CtPt(r f  +  C t S t{r) 2 +  C f ppt(r)kpt(r) +  C f sS t(r) • V 2S t{r)
<=o,i
+  C,v s(V • St(r ) ) 2 +  C,T(A(r)rt(r) -  j » 2)
(2.71)
T .  -W r ) 2 — g(-7oM) 2 +  2 J ( r ) 2 +  M r ) 2,
f J , , U = X
(2.72)
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and
Jw(r ) ) + y  y
< H = x
= ~ \ j { r f  +  \ h ( r f .
(2.73)
These densities are themselves defined in terms of the cartesian components of the 
pseudotensor density,
Jü{r ) — Jw(r )
fX—X 
z
J(r)  = ^
H ,v = x
M r )  =
H,u—x
Under the assumptions of spherical symmetry for nuclear structure calculations, 
all but one of the nine components of the spin-current tensor density vanish, due 
to the fact that only the radial component of the vector spin-orbit current, J ( r ) , 
is non-zero [56]. In the case of axial symmetry, the pseudotensor component is also 
non-zero (although many calculations carried out under axial symmetry in the past 
have ignored this component), with all the components of the density becoming 
active in calculations of odd-A nuclei and in dynamics, however there have been 
relatively few studies of this density in its full form, i. e. away from assumptions of 
spherical symmetry [58,67,69].
Furthermore, the form of the Skyrme functional employed for most calculations 
of the static and dynamic properties of nuclei have, in the past, included only 
the minimum time-odd densities required in combination with the time-even ones 
to ensure conservation of Galilean invariance, namely [yo(r)r(r) — j ( r )2} and [V • 
J(r)  + S(r)  • (V x j(r))]. All the other time-odd densities have generally been 
excluded, with the exception of the studies mentioned previously [67-69,75], even 
in cases where the terms are expected to have a non-zero contribution. For the 
description of static properties in even-even nuclei, all the time-odd densities must
x (JM r ) +  M ( r )) ~ 5 3  J M r ) (2.74)
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vanish due to the gauge properties of the overall functional [45]. These terms 
only contribute to the energy density in situations where the intrinsic time-reversal 
symmetry of the system is broken, such as in odd-A and odd-odd nuclei, as well 
as for dynamics, including rotations and collisions. As a consequence, relatively 
little is known about the properties of time-odd mean-fields, in contrast to the 
time-even fields, which are well understood as they are reflected in several static 
phenomena that are observed experimentally and can be tested against [4]. In fact, 
the Skyrme force parameters, that denote the strengths of the time-even and time- 
odd fields in the functional from fits to experimental data, have almost exclusively 
been determined using only the static properties of even-even nuclei.
If one follows the philosophy that the Skyrme effective interaction provides a 
rigid framework for determining the coupling constants, where the time-odd cou­
plings are linear combinations of the time-even ones, then unique relations can be 
established between the interaction parameters (such as those in Appendix B) so 
that the time-odd terms in the mean-field may be studied without the need to fit 
new parameters to data. A small number of studies have been performed along 
these lines [69,75], in which the effect of the time-odd contributions from the cen­
tral part of the Skyrme interaction have been investigated on fusion properties in 
time-dependent Hartree-Fock calculations. However, the time-odd contributions 
from the tensor terms in the Skyrme interaction have never been studied.
On the other hand, an approach may sometimes be adopted whereby the energy 
density functional itself is considered to be a more fundamental construction than 
the effective interaction [101]. In this case, the coupling constants in (2.71) are free 
to be adjusted independently (subject to the constraints laid down by the necessary 
gauge properties). For this purpose, the properties of odd-A nuclei may provide 
useful insights into the behaviour of time-odd fields, however in these cases other 
mechanisms, such as pairing correlations, are mixed in with the effects from the 
time-odd fields complicating matters somewhat. Dobaczewski et al. have studied 
time-odd properties of mean-fields adopting this philosophy [67,68] and performed 
calculations in the case of rotating superdeformed nuclei using the cranked Hartree- 
Fock approach. The work pursued in this thesis studies the time-odd and tensor
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components of the mean-field, adopting the Skyrme effective interaction philosophy.
2.2.7 T he M ean-Field
The Hartree-Fock equations using the Skyrme effective interaction are obtained 
through the variational principle by writing that the total energy, Ehf, is stationary 
with respect to variations in each of the densities defined in (2.17), or with respect 
to the individual normalised single-particle wavefunctions, <j>i(r). For this purpose 
it is useful to regroup each of the expressions in (2.71) in terms of the proton and 
neutron densities, where
+ 2Ai(r)#,(r), (2.75)
and so on. Performing variations of the explicit expression for csfc, as well as the
kinetic and Coulomb energies give rise to the mean-field equations for protons and
neutrons, which have the form of a local Schrôdinger equation, (2.9), where the 
single-particle Hamiltonian, h, has the form [100],
hq(r) = - V  ■ ( ^ -  +  Mg(r) + C q(r) • <r) V  +  Uq(r) +  S ,(r)  • <r
-  i  [Iq(r) + (B ,(r) ® Ô-)] ■ V -  i V • [It (r) + (Bq(r) ■ *)\
- V  ■ D q& ■ V, (2.76)
with
Z
= (2.77)
b — x
It is written in terms of mean-field potentials in the particle-hole channel, with
gauge transformation properties that are identical to each of the local densities 
that they are built from. These fields are the scalar single-particle potential, Uq(r),
Uq(r) =  2C£p,(r) +  2 C f  Ap9(r) + CTqTq(r) +  C j JV  ■ J q(r), (2.78)
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that arises from the variation of the total energy density with respect to pq(r), the 
pseudovector potential, £ g(r),
E ,(r) =  2 C^Sq(r) + 2(CgAS -  C,vs)V2 S g(r) -  2CjsV  x (V x S q(r))
+C^Tq(r) + C f f  ,(r) +  C,VW  x j q(r), (2.79)
from variations with respect to the spin density, S q(r), the first-order (in terms of
expansions in momentum) vector potential, I q(r),
I q(r) = 2 C ^ »  +  C f 'V  x S'(r), (2.80)
found through variations with respect to the current density, j q(r), the pseudoten­
sor spin-orbit potential, B q(r),
\ f l - X
(2.81)
coming from variations with respect to the spin-current density, the second order 
tensor potential, D q(r),
D q(r) = C? S q(r), (2.82)
from the variation of tensor density, F q(r), and finally the terms that contribute 
to the inverse effective mass term,
M,(r) =  C^pq(r), (2.83)
and
Ê  - W r )  + 2 <  J 2  Jq^ ( r )  +  e y e  ■ V p q( r \
I M = X U , V = X
C q(r) = Cq S q(r), (2.84)
that arise from the variations of the total energy density with respect to the kinetic, 
Tg(r), and tensor kinetic, T q(r), densities respectively. The coefficients, Cq are
Mean-Field Theory 41
related to those in (2.71) by recoupling the expressions in terms of the proton and 
neutron densities.
For the description of static properties in spherical even-even nuclei the time- 
odd fields, X)g(r), I q(r), D q{r) and C q(r), do not contribute to the mean field, 
leaving only the time-even fields, including only the vector component of the spin- 
current tensor density. This leads to a simplified version of the Hartree-Fock equa­
tions that depend solely on the single-particle potential, Uq(r), inverse effective 
mass term and a spin-orbit potential, built directly from the Skyrme spin-orbit 
interaction, the exchange part of the non-local central Skyrme term and the tensor 
terms, which both have the same form, proportional to J q(r).
The spin-orbit potential, which is responsible for single-particle splitting in 
nuclei, is then linearly dependent on the derivative of the proton and neutron 
densities, Vpg(r), with an associated mass and isospin dependence that is moderate 
in heavy nuclei. The behaviour of the central and tensor contributions on the 
other hand are not so straightforward. The contribution from J q(r) increases 
linearly with the number of particles if only one of the spin-orbit partners is filled, 
where there is essentially no contribution for spin saturated nuclei (i.e. when both 
components of a spin-orbit doublet, with j > and j <, are filled), since the spin 
densities are zero. In spin unsaturated nuclei, the central and tensor components 
provide an extra contribution to this potential. The sign of J q(r) depends on the 
quantum numbers of the orbitals that are progressively filled, where the j > orbitals 
give a positive contribution and the j < orbitals contribute negatively.
Each component of the spin-current tensor extrapolates differently when going 
from spherical to deformed shapes, with each of the three combinations of cartesian 
components coupling to the derivatives of the single-particle wavefunctions and 
the Pauli spin matrices in different ways [58], as outlined in (2.76), (2.77) and 
(2.81). If these terms are recoupled into their pseudoscalar, vector and pseudotensor 
components it can be shown that under the assumptions of spherical symmetry the 
pseudoscalar and pseudotensor terms vanish, leaving simply a contribution from 
J(r)  as just discussed. When rotational symmetry is broken, such as for the case of 
axially deformed Hartree-Fock calculations, the pseudoscalar term, J0 (r), remains
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zero, but the pseudotensor component, J2 (r), has a non-zero contribution to the 
energy density and spin-orbit mean-field in spin unsaturated nuclei. However, 
many authors have ignored this term in the past [102-104], approximating the spin- 
current tensor as simply the vector spin-orbit current, J ( r ) , since the spin-current 
tensor density has a more complicated form when written in cylindrical coordinates 
[105]. The contribution from the vector component, and more specifically, the role 
of the time-even tensor terms to the Skyrme energy functional has recently been 
studied by Bender et al on the deformation properties of magic and semi-magic 
nuclei [58], however currently no further studies have been performed in which the 
pseudoscalar component is likely to play a role. Away from the assumptions of 
spherical or axial symmetry within the models, and particularly in dynamics the 
time-odd fields from both the central and tensor terms must also be accounted for.
2.3 Beyond the M ean-Field
Self-consistent mean-field models employing effective interactions have achieved a 
high level of success, being able to reproduce the experimental data for a wide 
range of ground-state properties in both medium and heavy mass nuclei, in partic­
ular the features of the nuclear force that are associated with smooth trends [3]. 
Further improvements to the models, in terms of reproducing features such as the 
density and isospin dependence on the nuclear properties, are possible through the 
inclusion of extra correlations, such pairing and beyond mean-field techniques and 
are necessary for the development of these models, that aim towards a universal 
density functional for use within nuclear structure and dynamics calculations.
2.3.1 Pairing
Pairing is particularly important as one moves away from spherical closed-shell 
nuclei and therefore becomes a necessary ingredient within mean-field models for 
describing properties that vary strongly with shell effects. Pairing correlations 
are accounted for within the Hartree-Fock framework by generalising the mean- 
field concept to include a pairing field, calculated either through the Hartree-Fock-
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Bogoliubov equations [106], or the BCS approximation using a self-consistent ap­
proach [6 ].
In spherical doubly magic nuclei, the associated single-particle states can be 
written in terms of occupation weights of either 1 below the Fermi level, or 0 above 
it (i.e. a pure Slater state). For all other nuclei, which have partially filled shells, 
the concept of quasiparticle states is more appropriate. In this picture, nucleons 
may occupy any of the available shells, which have a high density around the Fermi 
surface, and are almost degenerate in energy. The pairing interaction therefore 
allows mixing of the different states to create a unique ground state [107], where 
each single-nucleon orbit is associated with an occupation probability amplitude, 
v%, within an active pairing space that is larger than the total number of nucleons, 
A.
A full treatment of pairing within the Hartree-Fock-Bogoliubov approach in­
volves the solution of a number of coupled equations, in which the mean-held and 
pairing Hamiltonians are non-commutative. Therefore the BCS approximation is 
often a widely used simplification of this method. The BCS equations are for­
mulated based on the assumption that the pairing force operates between pairs 
of doubly degenerate time-reversed (i.e. zero angular momentum) single nucleon 
states, | A:) and | — &), known as Kramers degenerate, where k denotes a state with 
a given angular momentum projection onto the intrinsic axis [6 ]. The Hamiltonian 
consists of a pure single-particle part and a residual interaction, which acts on 
the time-reversed (Cooper) pairs [4], whereby the occupation amplitudes of each 
single-particle state are determined by the gap equation, obtained through the 
variational principle. A widely used effective pairing interaction employed within 
this approach is given by a two-body zero-range local force including a density 
dependence [108],
Vpair — -y (l — Per) 1 — #12, (2.85)
which is formally equivalent to a Skyrme interaction with to and t3 terms only, 
producing an energy functional of the form
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E p a i r  ~  4 /
q = p , n
where pq(r) is the pairing density and Vq, 7  and pc are parameters that are phe- 
nomenologically adjusted. In general the occupation probability of the single­
particle levels close to the Fermi surface is smeared out, so that the dominant 
contribution to the pairing interaction comes from the nuclear surface in coor­
dinate space [4]. This is accounted for through the parameter pc, which takes 
values pc —>• 0 0  for a pairing interaction most active throughout the nuclear vol­
ume and pc = po for pairing which is most sensitive to surface effects, where po 
is the saturation density of nuclear matter that approaches the density inside the 
nucleus. Generally values are taken between these two extremes. Often 7  =  1 is 
used within this pairing model [109], however this value may be varied in order to 
account for the appearance of neutron halos and skins in the neutron-rich region. 
Pairing regimes of this type are dependent on the number of single-nucleon states 
taken into account for any given calculation, or the active pairing space, where the 
convergence is slowed with increasing active space, deeming a cutoff prescription 
necessary.
For the purpose of studying the static properties of nuclei within this work, 
the Skyrme-Hartree-Fock plus BCS pairing model has been adopted, using the 
density-dependent delta interaction, (2.85), with a cutoff prescription as in [109]. 
However, since the method requires a priori knowledge of the pairing partner states, 
it is only well defined for use in the case when time-reversal symmetry is conserved. 
Therefore pairing correlations are not included in this work for calculations in which 
time-reversal invariance is broken, including the study of dynamical properties 
using the time-dependent Hartree-Fock approach.
2.3.2 Centre-of-M ass C orrections
All mean field states break certain symmetries of the Hamiltonian due to the con­
straints imposed upon the system. The most important example of symmetry 
breaking concerns the centre-of-mass and it must be restored under all conditions
1 - P{r)
Pc
pq{rfdr, (2.86)
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for the study of static properties in nuclei [3]. Nuclear mean fields are spatially 
correlated, since the wavefunctions are localised in their intrinsic frame, with no ex­
ternal confining field, which violates translational invariance. To restore the broken 
symmetry, projection of the mean-field state onto zero centre-of-mass momentum is 
necessary [5]. Full projection is numerically expensive and so centre-of-mass correc­
tions are achieved by approximate projection techniques [1 1 0 ], either by projection 
after variation using a second-order expression [4],
or by including only the diagonal parts of the two-body momentum operator, p2, 
through variation after projection,
with an extra factor,
where t = (2/3A)1/3, improves the behaviour of the trend of with A [111], for 
the description of medium and heavy mass nuclei. The variation after projection 
method is preferable for centre-of-mass corrections as it restores Galilean invari­
ance fully, providing an improvement when comparing calculated properties with 
experimental data and as a consequence most Skyrme force parameter sets have 
been fitted including such a scheme [112]. However for the purposes of studying dy­
namics, such as collision between nuclei, only the intrinsic frame of the total system 
is considered and therefore centre-of mass corrections are not employed. Perform­
ing dynamic calculations without the centre-of-mass correction from the basis of 
a static solution that includes the correction will lead to a non-stable solution of 
the time-dependent Hartree-Fock equations, therefore centre-of-mass corrections 
are neglected in this work for all static calculations used as a basis for dynamical 
simulations. This allows a consistent and stable solution for the study of dynam­
ical properties, however may lead to inconsistencies between the calculated static
2
(2.87)
(2 .88)
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properties for Skyrme forces that were fitted including the term. The Skyrme force 
SLy4d was developed to overcome this issue [113], however has not been employed 
in this work. Instead forces have been chosen to provide a more direct comparison 
with earlier studies and will be discussed further in the next chapter.
2.3.3 T he T im e-D ependent H artree-Fock Equations
The static mean-held approach is well tuned to describing the properties of the most 
energetically favourable states, i.e. the ground-states of nuclei. The extension 
of this method for the study of dynamic properties is formally straightforward, 
providing an approach to the mean-held dynamics of a system under the assumption 
that the particles evolve independently in their self-consistent average potential. 
The time-dependent Hartree-Fock method is an equation of motion that describes 
how a given time-dependent mean-held state, 4>(t), will evolve in time, usually in 
response to an applied external force [5]. The time evolution for a given single­
particle state, <j>n(t), at time t is described by an evolution operator with the form
<j>n(t +  At) = e~thAt/n(pn(t), (2.90)
where h is the single-particle Hamiltonian, which is itself time-dependent. To 
account for the need to have self-consistency in propagation At  must be small, 
since within this limit the Hamiltonian is constant to a good approximation. The 
time evolution then proceeds in an iterative manner, using a series expansion of the 
operator in (2.90) where the Slater determinant state describing the overall system 
is assumed to remain a Slater determinant throughout the time evolution process 
(through the property p2 = p). The equation of motion is obtained by calculating 
the time derivative of the one-body density matrix, p(t), uniquely defined by 4>(t), 
containing all the time-even and time-odd components, leading the time-dependent 
Hartree-Fock equations with the form,
i h ^ -  = [H(p),p(t)], (2.91)
and is a non-linear matrix equation for the density, p(t), and a first-order differential
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equation in time with initial state defined by p(0). This equation can also be derived 
from the time-dependent variational principle [45],
which conserves total energy, E, throughout the dynamical process. This approach 
provides a successful tool for analysing the principle mechanisms in dynamical 
processes, including at the limits of low energy phenomena, such as surface vibra­
tions and fission, as well as small amplitude motion, such as giant resonances, but 
is perhaps best suited to the description of heavy-ion collisions, associated with 
large amplitude processes, including fusion and inelastic scattering. In each of 
these cases the ground-state single-particle wavefunctions, obtained from a static 
Hartree-Fock calculation, are multiplied by an appropriate external force, or phase 
factor, to create an initial excitation of the system, which is then evolved forward in 
time according to equation (2.91). Many bulk properties may be described, includ­
ing excitation energies, masses, collision fragment properties, fission barriers and 
fusion cross-sections [3]. In this work the symmetry unrestricted time-dependent 
Hartree-Fock equations are employed using the full Skyrme effective interaction, 
including the seldom studied time-odd densities and tensor component to investi­
gate the effects of these terms on collisions for the first time, in particular on fusion 
properties.
(2.92)
Chapter 3
Num erical Solution
The aim of the work presented in this thesis is to investigate the static and dynamic 
properties of nuclei using the (time-dependent) Skyrme-Hartree-Fock approach, 
and in particular the effects of the tensor component of the effective interaction 
and the time-odd densities for the case of fully unrestricted calculations.
The static properties of superheavy nuclei have been investigated using a spheri­
cal Hartree-Fock plus BCS pairing model with a selection of modern Skyrme forces, 
including the tensor contributions that will be discussed below. The dynamical 
properties, particularly those arising from nuclear collisions have been studied us­
ing a three-dimensional time-dependent code (Oak3D [114]) with the full Skyrme 
energy functional including all time-odd densities as well as the tensor force com­
ponent that have been implemented and tested within the code as part of this 
work.
Both the static and time-dependent mean-held methods provide a practical ap­
proach for modelling complex many-body systems, requiring a numerical solution, 
which in the past included the imposition of several approximations and assump­
tions both in terms of geometry and in the complexity of the effective interaction 
in order to make the calculations tractable (at the expense of a reduction in appli­
cability). Advances in computing power in recent years has allowed the symmetry 
constraints to be relaxed and unrestricted three-dimensional calculations to be per­
formed using the latest effective interactions to their full potential [69,75].
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3.1 The Static Solution
The starting point for a numerical solution of the Hartree-Fock equations is an 
appropriate representation of the single-particle wavefunctions, densities and fields. 
The initial trial states are assumed to be a set of harmonic oscillator wavefunctions 
within a cartesian grid [115] with user-specified parameters that determine the 
shape and depth of the potential in all coordinates. The ground-state for a specified 
nucleus is calculated for a given set of input data, including the proton and neutron 
number, pairing options and spatial discretisation options, using a damped gradient 
iteration scheme and Gram-Schmidt orthonormalisation [116,117] to calculate the 
new wavefunctions until convergence is reached. There is no mixing between proton 
and neutron states, although the single-particle wavefunctions are a mixture of spin 
up and spin down states. The derivatives of the densities in the energy functional 
are calculated by large-order finite difference formulae; the seven point method for 
first derivatives and nine points for second-order derivatives.
3.2 Dynam ical Simulations
In the case of collisions between nuclei the initial separation, impact parameter and 
centre-of-mass energy are given as input, along with an option to perform the time- 
dependent calculations over multiple processors. To maintain consistency between 
the static solution and a dynamical simulation it is essential that the same nucleon- 
nucleon interaction and spatial discretisation (Ar) are used in both the static and 
dynamic phase to ensure that each state is a solution of the Hartree-Fock equations 
and that in the absence of any external excitation the solution remains stationary 
and stable throughout the time-evolution process.
The two nuclei at a separation distance, D0, are given an initial boost, which 
produce the desired characteristics to account for the reaction properties, and with 
the initial velocity of the projectile nuclei fixed in the (x,z) plane [118]. The two 
resulting Slater determinants from the static phase are then used to construct a 
single Slater determinant for the associated composite system in coordinate space
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and is represented in figure 3.1. The nuclei are assumed to start from an infinite 
distance apart, but do not interact with each other until the specified separation 
distance. The trajectories are adjusted assuming a Rutherford trajectory, which 
accounts for the Coulomb interaction between the nuclei from infinity to D0. This 
is consistent with the assumption that both nuclei are in their ground states at 
t = 0, i.e. there is no energy transfer from the relative motion to internal degrees 
of freedom up to separation, B 0.
Figure 3.1: Schematic representation of two colliding nuclei in coordinate space 
[119].
An initial momentum boost, kj, where j  =  1,2, is applied to each nucleus, by 
multiplying each Slater determinant with an exponential phase factor [118],
•I'; "  'i'j. (3.1)
where <hj is the Hartree-Fock state for each nucleus and R j  is the corresponding 
centre-of-mass coordinate,
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(3.2)
and the position operator, r = xex +  yey +  ie z, acts in single-particle space. 
The boost momentum is chosen to be at a tangent to the Coulomb trajectory at
with relative momentum fci — where k\ is chosen to be the target nucleus and 
the projectile. The dynamical process is then calculated using a Taylor expansion 
of the time evolution operator [1 2 0 ] to compute a set of observables, which provide 
the necessary information throughout the reaction process.
The mean-field equations are solved in coordinate space within a finite-sized 
box employing either Dirichlet or periodic boundary conditions [116]. For Dirichlet 
boundary conditions any flux incident on the perimeter of the box during the time- 
dependent process is reflected back into the box, with a hard boundary that ensures 
all wavefunctions outside the box are zero. For periodic boundaries any flux that 
crosses the box boundary appears at the opposite side of the bounding box. Any 
flux incident on the boundary inside the box may interact unphysically with the 
nuclei [1 2 1 ], so it is therefore necessary to ensure these effects are avoided where 
possible by making the model space sufficiently large.
The independent-particle description of dynamics using the Hartree-Fock ap­
proach does not allow generally for a probabilistic interpretation of the possible 
reaction channels. That is, despite the fact that the overall wavefunction may 
comprise of several reaction channels, in which the relative amplitudes of each 
channel may be interpreted as a probability, these need to be projected out using 
beyond mean-field techniques [122]. Furthermore, the time-dependent equations 
are solved in terms of a semi-classical trajectory, in which the evolution of the 
centre-of-mass of the total system is calculated with time. As such some of the 
quantum aspects of the dynamical process are missing, for example in the case
separation Do, with the nuclei being placed in the centre-of-mass frame of the entire 
system, satisfying,
AiRi  + A2 JR2 — 0, (3.3)
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of fusion reactions the fusion probability is either 0 or 1. There are a number of 
beyond mean-field approaches that aim towards an improved description of such 
dynamical properties, as well as the inclusion of pairing correlations and methods 
to account for missing two-body correlations, however these are beyond the scope 
of the work presented here.
3.3 Selected Skyrme Forces
A necessary ingredient for the successful description of a wide variety of properties 
in nuclei across the full nuclear landscape is the use of good quality nucleon-nucleon 
interactions that have been extensively fitted to experimental data. In the case of 
the Skyrme interaction there are a large number of conceivable choices for the 
set of interaction parameters that will perform to a similar quality depending on 
the particular nuclei and observables that are used to fit a particular force. The 
majority of the earliest Skyrme force parameterisations were fitted mainly to the 
bulk ground-state properties, such as masses, radii and density distributions, of 
spherical even-even nuclei around the closed shells, as well as symmetric nuclear 
matter properties [3]. More modern forces have also included single-particle data 
as part of the fitting procedure, as well as studies of asymmeric nuclear matter, 
such as neutron stars, along with the properties in symmetric matter, attempting 
to also capture the important features of nuclei in more exotic regions of the chart, 
away from the stable nuclei. The main Skyrme parameter sets chosen for the study 
of static properties, as well as dynamics in this work differ mainly in the choice 
of experimental data used to constrain the parameters, but also include new fits, 
which explicitly include the contributions from the tensor terms in the Skyrme 
interaction that were previously neglected from the most common forces.
The SLy4 force is used in this work to investigate the single-particle structure 
of superheavy nuclei and stems from a series of fits which not only include the 
ground-state properties of nuclei, but that also reproduce the properties of neutron 
matter [123]. In this parameterisation, the exchange contributions to the spin-orbit 
potential (the J 2 terms) are disregarded in the fitting procedure, so it is used as a
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comparison with similar forces that do include the terms. An extension to SLy4 was 
later developed, SLy4d, for the purposes of dynamic calculations [124], in which 
the centre-of-mass corrections were excluded, along with the J 2 terms. However, 
this force has not been employed in this work to study collision properties, since 
other forces were chosen that could be more directly compared to the results of 
recent studies of fusion properties [69,75]. It is also worth mentioning that in the 
case of dynamical simulations, the time-odd terms must be included in the correct 
combination with the time-even ones to ensure the gauge invariance properties 
of the overall functional are properly conserved. Since SLy4(d) disregards J 2 in 
the fit procedure, then the S  • T  term must also be treated with care so as to 
avoid inconsistency. The SLy5 force was also fitted using the same protocol as 
SLy4, and consequently it performs to a similar quality, but in this case the J 2 
terms are included within the fit procedure. It has also been the force of choice 
in several recent investigations of shell evolution as a result of the added tensor 
force contributions [54,55,57] and for the study of fusion properties using the time- 
dependent Hartree-Fock model [69,75]. Consequently it is used here for both the 
study of tensor contributions in superheavy nuclei and is the main force of choice to 
investigate dynamical properties in collisions. The SkI4 fit introduces an extended 
spin-orbit force containing an explicit isovector component, which was found to 
be necessary for the description of isotope shifts across heavy nuclei [125]. It was 
chosen for its ability in providing the best description of bulk properties in the 
superheavy nuclei for which experimental data is currently available [126].
For each of the forces discussed so far, the contribution to the total energy and 
mean field from the tensor terms in the Skyrme interaction have not been included 
(i.e. the tensor parameters, te and tQ are set to zero). In order to account for 
contributions from the tensor force, several recent studies have added the terms 
perturbatively to the existing parameter sets [52,54,55,57], by choosing optimised 
values of te and t0, without refitting the remaining parameters, as discussed in sec­
tion 2.2.5. The values of the tensor strengths used for this work were chosen to be 
consistent with those of the recent studies, based on the SLy5 parameterisations, 
with te = 296 MeV fm5 and tQ = —136 MeV fm5 [54]. In this case the parame­
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ters were adjusted to single-particle energies, under the assumptions of spherical 
symmetry, along the chain of TV = 82 isotones and Z = 50 isotopes.
There have also been recent attempts to make complete refits to the full set of 
Skyrme parameters, after the inclusion of the tensor component [53,56]. The Skx 
force was originally obtained by fitting the parameters not only to bulk properties, 
including binding energies and charge radii, but also to single-particle energies in 
stable and exotic nuclei [127]. Two recent refits, based on the same fitting protocol 
as Skx, are Skxta and Skxtb, and include a zero-range tensor term with coupling 
strengths calibrated to hnite-range G-matrix calculations [53]. The tensor param­
eters in Skxta are calculated directly from the I-tt exchange potential, although 
the inclusion of the tensor force in this way was shown to produce a poorer I de­
pendence of spin-orbit splitting. This property is restored in Skxtb by allowing 
a t =  5 /4 t0 to be included in the variational process, but fixing = 5/8(£e + 10).
A set of 36 new parameterisations have also been developed, explicitly to study 
the effects of the J 2 terms of the effective interaction [56]. The new forces, also 
fitted using a similar procedure to the SLy sets, and under the assumptions of 
spherical symmetry, cover a region that encompasses a range of values for the 
isoscalar and isovector coupling constants, Cq and Cf, that relate to the vector 
component of the spin-current tensor, and are defined as,
C i  =  2 (a +
Ci = i(«-/3), (3.4)
where a  and (3 are parameters that have been recoupled into like-particle and 
proton-neutron contributions to J  respectively and are given in equations (2.67) 
and (2.68). The range of coupling strengths were chosen so as to provide a rea­
sonable description of finite nuclei, when comparing against some of the standard 
forces that use only the central and spin-orbit terms. The forces are labelled by 
Tij, where i and j  refer to the proton-neutron, /3, and like-particle, a, coupling 
constants, with values such that,
Numerical Solution 55
a  =  600' -  2) MeV fm5
P = 60(i -  2) MeV fm5, (3.5)
with the J 2 contributions vanishing completely for T2 2 . The forces labelled Ty 
contain only like-particle terms, and for T# only the proton-neutron terms are 
non-zero, with forces T26 , T44 and T62 having the same value for the isoscalar 
constant, but different isovector ones. A selection of these parameterisations were 
used by Bender et al. to investigate the time-even tensor terms on the deformation 
properties in magic and semi-magic nuclei, in which the spin-current tensor takes 
its more complex form [58]. A similar selection of these forces are used in this work
to study the effects of the full spin-current tensor, as well as time-odd terms in
nuclear collisions.
Chapter 4 
Single-Particle Structures in 
Super heavy N uclei
The study of nuclei at the very limits of stability is currently a topic of great interest 
in nuclear structure physics. One of the major challenges is in the regime of high 
mass and charge - the superheavy elements. A key question in this area relates to 
the possible existence and location of the island of stability and has been a driving 
force behind experimental and theoretical efforts for several years [50,128-132].
Experimentally, superheavy elements up to 2=110-118 have been produced in 
heavy ion fusion reactions [133-135]. However, the data for these nuclei are scarce 
since the production cross-sections decrease rapidly with increasing proton number, 
down to ~pb for Z=112 [136]. This poses a major challenge for experimental 
investigations and has limited the production of new nuclei to isotopes that are 
richer in protons than the expected most stable superheavy elements. However, 
more detailed spectroscopic studies are becoming possible around the transfermium 
region towards the island of stability [129,137].
There are also considerable challenges from a theoretical perspective. The emer­
gence of a region of long-lived elements beyond the actinides has been predicted 
since the earliest nuclear models [26,138]. Without the shell effects and large 
spin-orbit splitting of single-particle levels around the magic numbers, nuclei with 
Z>104 should not exist, since the long-range Coulomb repulsion between protons
56
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would overcome the short-range attraction of the strong nuclear force and induce 
fission. The extra stability from these shell effects has been the focus of considerable 
theoretical efforts, with different approaches predicting different effects.
Macroscopic-microscopic models using different parameterisations of the nu­
clear potential predict the next proton shell gap to occur at Z=114 [139,140], 
resulting from a large splitting of the 2 f7/2  and 2 f5/2  spin-orbit partners. A neu­
tron gap is also predicted at N=184, leading to a predicted spherical doubly magic 
nucleus at 298114. These predictions are not shared by those from self-consistent 
mean-field models. Relativistic mean-field calculations lead to extended regions of 
additional shell stabilisation around Z=120, N=172,184 or Z=126, N=184 [141], 
whereas non-relativistic calculations favour gaps at Z=124,126 and N=184 depend­
ing on the parameterisation [131,132,142]. The Z=114 shell closure only appears 
in these models for parameterisations of the mean-field which overestimate the 
spin-orbit splitting in heavy nuclei by ~80%, where states of large angular mo­
mentum systematically lie too high in the single-particle spectrum. However these 
are generally the forces which are better able to reproduce the bulk properties of 
the established super heavy elements, indicating that their features could be an 
essential ingredient to describe the distribution of levels within these nuclei [126].
In the region of superheavy nuclei, the single-particle level density is large. The 
positioning of the shell gaps is therefore sensitive to the accuracy of describing 
the single-particle energies and the spin-orbit interaction. Small shifts in the po­
sition of the single-particle levels will lead to gaps at different particle numbers. 
In self-consistent mean-field models this clearly leads to discrepancies between the 
different parameterisations, exposing an uncertainty in the current models, where 
improvements of the effective interactions beyond the existing energy functionals 
are needed, such as those provided by the inclusion of the tensor component of the 
Skyrme effective interaction. The role of the tensor force has been investigated by 
several authors for the description of spin-orbit splitting and shell evolution in ex­
otic nuclei [53-59]. In this work, the effect of the tensor terms on the predictions for 
the shell gaps in superheavy nuclei is studied using the spherical Skyrme-Hartree- 
Fock plus BCS pairing model [60]. An important question arises as to whether the
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Figure 4.1: Single-particle spectra of 298114 for protons (top) and neutrons (bot­
tom) for the mean-field forces indicated with and without the tensor component.
inclusion of the tensor force within this framework will lead to significant modifi­
cations in shell structure for these nuclei, and whether the discrepancies between 
the mean-field methods and macroscopic-microscopic models may be reconciled. A 
selection of the Skyrme force parameterisations discussed in chapter 3, from both 
the full parameter refits and perturbative approach, has been employed, using a 
density-dependent delta interaction for the pairing channel with a cutoff prescrip­
tion as in [109].
Figure 4.1 shows the proton and neutron single-particle levels in 298114 for each
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of the chosen Skyrme parameter sets both with and without the tensor component. 
The tensor term has been added to the SLy4, SLy5 and SkI4 Skyrme forces with 
coupling strengths of at = —170 MeV fm5 and (3t = 100 MeV fm5 as in [55], 
which are related to the Skyrme interaction parameters as described in equations 
(2.67) and (2.68). The Skxta and Skxtb sets are also shown, along with Skx for 
comparison. For nuclei around Z=114 the important proton shells are lzis/2  and 
2 / 7/2 , which are filled at Z=114, and the 2 / 5 /2  and 8 ^3 /2  levels, which lie above 
Z—H4. The difference between the 3 pi/2  and lzn /2  proton orbitals determines the 
size of the Z—126 gap. In the absence of the tensor component the level ordering of 
single-proton states is identical for all forces, except for Skx, which places the 2 / 7 /2  
orbital above lzi3/2. The possible shell closure at Z—H4 is therefore determined 
by the amplitude of the spin-orbit splitting between the two 2 /  coupled states and 
the location of the lzi3/2  state. A strong shell gap at Z=114 appears only for SkI4, 
with a smaller, but still pronounced Z=114 gap in Skx. In most cases, a more 
convincing closure appears at Z—126. However it has been shown that this gap is 
closed as the number of protons in the nucleus is increased from Z=114 to Z—126 
for most parameterisations of self-consistent methods [50].
Inclusion of the tensor terms generally leads to an increase in spin-orbit splitting 
between the 2 / 7 /2  and 2 / 5 /2  partners, opening the Z=114 shell gap. For SLy4t, 
SLy5t and SkI4t the lz13/ 2 state is also lowered in energy, increasing this gap by
MeV in total. The only exception is Skxta, which predicts a decrease in the 
splitting between the two 2 / levels compared to Skx. However, in this case the 
Z=126 shell gap is also decreased due to a lowering in energy of the H1 1 /2  state. 
This is also the case for Skxtb, where the magnitude of the shell gap at Z=126 is 
smaller than that of Z=114 for both forces. The Z—126 closure remains more or 
less unchanged by the tensor component for all other Skyrme parameterisations, 
with the Z=114 and Z=126 shell gaps having a similar magnitude, for all but 
SkI4t. The main difference between the SLy4 and SLy5 forces is the magnitude of 
the change in splitting between the 2 /  spin-orbit partners once the tensor term is 
added. SLy5t, which is the force that the tensor coupling strengths used in this 
work are specifically tuned to, predicts a smaller increase than SLy4t, although the
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qualitative features remain identical.
In the case of neutrons, the SLy4, SLy5 and SkI4 variants all produce a spherical 
shell gap at N=184, whose size is determined by the splitting between the 4si/ 2 
orbital below the gap and either the lh n /2  or the lj'13 /2 orbitals above the gap. In 
all these cases, the inclusion of the tensor terms keeps the size of the gap either 
constant or increases it, maintaining N=184 as a robust neutron shell gap. Skx 
does not give a clear gap at N=184 due to the intrusion of the l kn /2  state from 
above. Skxta gives a similar result, but Skxtb pushes the l ku / 2  level even lower, 
giving a gap of around 2 MeV at N=184. On the other hand, the N=164 gap is 
evident in the Skx forces, a conclusion which is unchanged with the addition of 
the tensor terms. Though the addition of these terms does serve to decrease the 
splitting between the 2 g9/ 2 and 2 g7/ 2 spin-orbit parters in all cases, this decrease is 
not enough to affect the presence or absence of a gap at N=164 in any parameter 
set.
Figure 4.2 shows the calculated single-particle structure for 310126. As men­
tioned previously, the proton shell gap at Z=126 is closed as the number of protons 
in the nucleus is increased from 114 to 126, and is completely absent in the Skx 
predictions. In contrast, the shell gap at Z=114 remains of a similar order of mag­
nitude as for 298114. The tensor component again leads to an opening of the Z=114 
gap, which is now of a similar magnitude to the Z=126 gap for most forces. Only 
for the Skxtb force does the splitting between the 2 / 7 /2  and 2 / 5 /2  levels decrease, 
with Skxta now predicting no change for the Z—1Î4 shell gap compared with Skx. 
The proton states below the Z=126 gap have a slightly positive energy suggest­
ing the nuclei to be unstable against proton emission, although the high Coulomb 
barrier would make other decay channels more probable [50]. The single-neutron 
structure is similar to that of 298114, with shell closures appearing at hi—184 for 
the SLy4, SLy5 and SkI4 sets and N=164 for Skx. The tensor terms produce small 
changes in the spin-orbit splitting around these gaps, however their effect is not 
large enough to modify the shell and subshell closures.
The effect of the tensor terms on the behaviour of the single-proton shell struc­
tures has been calculated across the Z—H4 isotopes for a selection of forces (figure
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Figure 4.2: Single-particle spectra of 310126 for protons (top) and neutrons (bot­
tom) for the mean-held forces indicated with and without the tensor component.
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Figure 4.3: Proton shell structures across the Z=114 isotopes for selected Skyrme 
forces a) without tensor and b) with the tensor terms.
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4.3). In the absence of the tensor component, (the left-hand panel, labelled a)), 
the Z=126 shell gap is the more convincing closure over the full range of isotopes 
for SLy5, which has an enhanced magnitude around the N=184 shell gap. For SkI4 
and Skx it is less clear. Although SkI4 is the only force used within this study that 
shows a clear agreement with the predictions of macroscopic-microscopic calcula­
tions for a Z=114 shell closure, it is known to overestimate the spin-orbit splitting 
in heavy nuclei such as 208Pb, questioning the reliability of the force when extrapo­
lating into the superheavy region. However, it has been demonstrated that SkI4 is 
among one of the best forces for describing the properties of superheavy nuclei for 
which experimental data is available. Skx is one of the few widely used forces in 
which single-particle data was used to constrain the parameters, rather than sim­
ply bulk properties such as binding eneries, radii and masses. The fact that Skx 
already predicts different single-particle structures to most other forces indicates 
the need for further fits whose motivation is based on an accurate reproduction of 
single-particle spectra.
Regardless of the predicted shell structures for the different forces in the absence 
of the tensor component, its inclusion consistently leads to an increase in the spin- 
orbit splitting of the 2 / partners, opening the shell gap at Z=114 over the range 
N=160-200. There is a decrease in splitting at Z—114 beyond N=200 for all three 
forces due to a lowering of the J5 /2  level, in agreement with the findings of [143], 
which uses a Woods-Saxon plus ir + p tensor exchange potential. This work showed 
a decrease in splitting between the 2 / partners in nuclei up to N=240, and an 
increase in spin-orbit splitting at Z=92. This opening at Z=92 is also predicted 
by Skxtb in figure 4.3. A decrease in splitting between IA1 /2  and 3pi/2 also opens 
a possible shell gap at Z=138 beyond N=200 in the neutron-rich isotopes, which 
was also reflected in the single-proton spectra across the Z=126 isotopes, although 
the Z—126 shell gap was significantly decreased in comparison to the Z=114 gap, 
indicating a clear dependence on proton number.
Perhaps a more direct measure for quantifying the magicity of a given nucleus is 
given by the two-nucleon shell gap, which is derived from the total binding energies 
of the surrounding nuclei [142]
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Figure 4.4: Two-proton shell gap across the Z=114 isotopes.
+  2) -  2E(A y +  -  2). (4.1)
The two-nucleon shell gap represents the size of the gap in the single-particle spec­
trum, but does not itself contain any information about the actual location of the 
single-particle energies. Large positive values of ô2q indicate a possible shell closure, 
particularly in lighter nuclei, however the amplitude of the shell effects decreases 
with increasing system size due to the higher single-particle level density, making 
it more difficult to find such pronounced gaps in heavier systems.
Figure 4.4 shows the two-proton shell gap calculated for the same selection of 
forces across the Z=114 isotopes. Once again only SkI4 predicts a clear shell closure 
for Z=114, however inclusion of the tensor component generally leads to a small 
increase in ô2p over the full range of isotopes for both SkI4t and SLy5t, which are 
smooth functions over the full range of neutron numbers.
Figure 4.5 shows a similar calculation across the Z=138 isotopes. In this case 
the added tensor terms lead to significant increases (>1 MeV) in 02p for both SLy5t
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Figure 4.5: Two-proton shell gap across the Z=138 isotopes.
abd SkI4t, although a clear shell closure is only predicted by SLy5t in the range 
N=200-240 and SkI4t in the range N=160-200. Note that this is not evident from 
figure 4.1, since the Z=138 gap is strongly dependent on proton number. Skxtb 
also shows a small increase S2p in the more neutron-rich isotopes compared to Skx. 
However, only for SLy5t is the calculated two proton shell gap larger for the Z=138 
isotopes than across the Z=114 nuclei.
In all cases as a consequence of including the tensor component within the 
calculations, a dependence of the shell structure on nucleon number is introduced, 
which has previously been demonstrated to be a common feature in mean-field 
calculations across the Z—126 and heavier isotopes of superheavy elements without 
consideration of the tensor terms [50]. This feature is also known to occur in light 
nuclei, although only at the very limits of stability.
Having investigated the influence of the tensor component of the Skyrme effec­
tive interaction on the single-particle structure of nuclei in the superheavy region, 
there is shown to be evidence for an opening of the Z=114 shell gap over a range
SLy5
SlySt
Skl4
Skl4t
Skx
Skxtb
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of nuclei as a result of the tensor interaction. The two-proton gap, 02P, remains a 
stable function over the full range of Z=114 isotopes studied. However, the increase 
in splitting between the 2 / spin-orbit partners and 02P function are not conclusive 
to predict a Z=114 shell closure. This is in agreement with the current experi­
mental status [144], which suggests that a shell closure is more probable around 
Z=120-126, particularly in the neutron-deficient nuclei that are likely to have de­
formed shapes. The Z=126 shell gap is shown to be strongly dependent on nucleon 
number, with the tensor terms serving to open a possible Z=138 shell closure in 
neutron-rich isotopes of superheavy elements, although this is again shown to be 
dependent on neutron number. The predictions for the single-neutron structures 
remain robust after the inclusion of the tensor component, with either N=184 or 
N=164 suggested to be possible magic numbers over a range of nuclei.
The strong nucleon number dependence of shell structure in this region is a 
consequence of the high level density in the superheavy nuclei. The theoretical 
predictions are therefore sensitive to the details of the individual forces employed. 
Due to the high ratio of neutrons to protons in these systems, it may also become 
important to consider the performance of a particular force when describing the 
density dependence in asymmetric matter, which becomes relevant at the very ex­
tremes of nuclear existence. The SLy forces and SkI4 set exhibit a similar density 
dependence for both symmetric nuclear matter and pure neutron matter, with sym­
metric neutron matter remaining energetically favourable at all densities, whereas 
Skx favours pure neutron matter at high particle densities [46]. Such distinctions 
as given in [46] may be relevant for the properties of very neutron-rich superheavy 
nuclei, though further systematic studies beyond the present work will be necessary 
to draw further conclusions. Each of the Skyrme parameter sets in this study was 
chosen for their particular strengths, with SkI4 chosen for its ability to reproduce 
the bulk properties of superheavy nuclei for which experimental data is available. 
However, its overestimation of the spin-orbit splitting in heavy nuclei limits its 
reliability for studying single-particle properties when extrapolating beyond this 
region. Both SLy5 and Skx have been forces of choice for investigations into nu­
clear structure properties with the addition of the tensor force. In the case of SLy5
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the tensor coupling strength parameters have been added perturbatively. However, 
the conclusions of [56] point out that a complete refit of the entire parameter set is 
imperative when adding the tensor terms, which is the case for Skxta and Skxtb. 
These forces, including Skx, tend to predict a different ordering of single-particle 
levels for the superheavy nuclei compared to other common parameter sets. It 
is therefore essential that further investigations and new fits are made for studies 
of the single-particle properties of superheavy nuclei, incorporating missing ingre­
dients such as the tensor terms, with an emphasis on reproducing single-particle 
properties of a wide range of nuclei, including the properties of the superheavy 
elements for which experimental data is available.
Chapter 5 
Tim e-Odd and Tensor D ensities in 
Nuclear Collisions
In recent years the developments in experimental techniques have led to an increase 
in the availability of radioactive beams, which have opened new possibilities for 
the study of nuclei away from the line of ^-stability [145]. The resulting exotic 
structures in these nuclei are not only interesting in themselves, but they also 
provide a diverse and uncharted playground for studying the effects of the reactions 
that occur between them.
A complete understanding of the interplay between the strong, Coulomb and 
weak interactions, as well as the correlations within many-body systems may be 
gained from a description nuclear properties that is derived from a fully microscopic 
treatment. Considerable theoretical efforts over the decades have aimed towards 
such a treatment, allowing calculations to be performed for the investigation of 
structure and dynamics in nuclei with ever-increasing accuracy that include more 
and more complex components of the underlying interactions within the time- 
dependent mean-held approach [3,46].
The time-dependent Hartree-Fock method provides a useful foundation for 
a fully microscopic many-body theory and is a versatile tool within both the 
small amplitude domain, for collective excitations [146,147], as well as for low- 
energy heavy-ion reactions [78,79]. Such methods were first applied to nuclear
68
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physics problems, and were originally dedicated to fusion reactions, over 30 years 
ago [148,149]. They have since been able to successfully reproduce the qualitative 
features of a wide variety of heavy-ion reaction phenomena in terms of macroscopic 
observables that can be compared with the available experimental data [69]. The 
independent particle hypothesis, or a one-body mean-held that governs the struc­
ture and low-energy dynamics of nuclei, is justified due to the large mean-free path 
of the nucleons (much larger than the size of the nucleus itself), which means that 
nucleons within the nucleus rarely encounter collisions. This may be surprising due 
to the strength of the nuclear force, but is a direct result of the Pauli exclusion 
principle, which plays a crucial role in terms of the success of the time-dependent 
Hartree-Fock approach [2]. This success comes despite the fact that in the past 
several symmetries and simplifications to the underlying interactions have had to 
be imposed in order to make the method computationally tractable. Furthermore, 
the parameters of the effective interactions have generally only been adjusted to the 
static properties of nuclei, rather than to the reaction, or other dynamic, properties 
that they are attempting to describe.
Nowadays no such symmetry restrictions are necessary and three-dimensional 
calculations may be performed using the effective nucleon-nucleon interactions to 
their full potential [67,69]. The time-even spin-current pseudotensor density has not 
commonly been included in its full form within three-dimensional calculations until 
now and has been (at least in part) neglected in the fitting process of the Skyrme 
parameters to experimental data, although the antisymmetric vector component, 
J 2, is generally included within the energy functional. The density in its full form is 
included in this work and its energy contributions investigated, along with its effect 
in the case of nuclear collisions. The time-odd densities, which vanish for static 
calculations of even-even nuclei, but are necessary to preserve Galilean invariance 
in dynamic calculations, are also included to provide a more complete description 
of time-dependent processes.
As a testing ground for the inclusion of all the previously neglected components 
of the Skyrme interaction that have been implemented in this work, a symmetric 
collision between two 160  nuclei is considered using the three-dimensional time-
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dependent Hartree-Fock code, OakSD. The collision takes place on a grid in coor­
dinate space, with dimensions (-12,+12) fm in the y- and ^-coordinates, (-24,+24) 
fm in the ^-direction and with a grid spacing of 1.0 fm. The nuclei are boosted to­
wards each other with a centre-of-mass energy of Ecm = 100 MeV for both head-on 
(6 = 0 fm) and off-axis collisions at a variety of impact parameters (6 =  2,4,6,6.5 
fm). The SLy5 Skyrme force has been chosen, since it was originally fitted to in­
clude the vector part of the spin-current tensor density, unlike SLy4 or SLy4d, and 
was the force of choice in [55] when including the optimised values of the tensor 
parameters, which are adopted here where appropriate.
The results of the static calculations, which contain various different com­
ponents of the Skyrme mean field, are summarised in table 5.1 for a variety 
of properties, including the binding energy, which has an experimental value of 
E(BE) = 127.62 MeV [150]. In this set of calculations the centre-of-mass correc­
tions are ignored in order to be consistent with the dynamic calculation, which 
may lead to slightly different values of the calculated static properties than have 
been published in previous studies that generally include the correction terms.
Basic J 2 Full Full +  tensor
BE (MeV) 114.34 114.33 114.33 114.39
KE (MeV) 229.76 229.75 229.75 229.85
& 0.2E-10 0.9E-10 0.3E-9 0.2E-9
rms radius (fm) 2.72 2.72 2.72 2.72
Coulomb (MeV) 12.72 12.72 12.72 12.73
J : (MeV) 0.00 4.7E-3 4.7E-3 -0.01
Time-even (MeV) -349.48 -349.47 -348.52 -348.47
Time-odd (MeV) 2.8E-19 -3.3E-19 -4.5E-18 5.8E-17
Table 5.1: Static properties, including binding energy, kinetic energy, quadrupole 
deformation and contributions to the Skyrme energy, for 16O using SLy5 for calcu­
lations including various terms in the mean field.
The second column of the table, labelled as ‘basic’, indicates the standard
Time-Odd and Tensor Densities in Nuclear Collisions 71
form of the Skyrme energy functional employed by several authors for static and 
dynamic calculations of nuclei in both the spherical and fully three-dimensional 
cases [148,149,151,152]. This contains only the vector component of the spin- 
current tensor density, J,  with coefficients that come solely from the spin-orbit 
potential, as well as the minimum time-odd densities required for Galilean invari­
ance, namely the current density, j ,  and the time-odd spin-orbit contributions, 
given that the tensor terms and the component of the spin-current tensor density 
coming from the exchange part of the central Skyrme interaction have generally 
been excluded from the functional. The third column indicates results based on 
the inclusion of the spin-current tensor density in its full form, but with the tensor 
parameters set to zero and the fourth column indicates the addition of the missing 
time-odd densities, which should be zero for static calculations of even-even nuclei. 
The final column includes all the terms just mentioned with non-zero values for the 
tensor coefficients (as discussed in Chapter 3), which leads to a negative contribu­
tion from J 2 to the Skyrme energy, along with small shifts to the binding energy 
and other properties.
The static solutions are then used as the basis for a series of time-dependent 
calculations in order to investigate the contributions from the various densities and 
currents to the total energy. In the first instance, for the cases stated above, a 
single 160  nucleus is given a boost along the ^-direction with an energy o îE  = 100 
MeV, which must be conserved as the nucleus is translated throughout the time- 
evolution process. The Galilean invariant combinations of time-even and time-odd 
terms should also provide a constant energy contribution, although the individual 
terms themselves may vary throughout the process. Table 5.2 shows these invariant 
combinations from the calculations using the basic (which includes pr — j 2), full 
(including S - T  — J2V) and full plus tensor (including S - F - 1 / 2  [(Jw )2 +  J ^ J ^ ] ) 
versions of the Skyrme functional at the end of the static calculation and at the 
beginning (t = 0 fm/c) and end (t = 150 fm/c) of the dynamical process in each 
case.
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Term (MeV) Static Dynamic (7 =  0) Dynamic (7 =  150)
> i
to 46.69 46.70 46.70
pr 46.69 69.42 69.41
- f -1.1E-19 -22.73 -22.71
4.7E-3 4.7E-3 4.7E-3
S - T -1.6E-18 2.4E-8 -1.1E-5
— 72 J Hv 4.7E-3 4.7E-3 4.8E-3
S  • F  — 1/2 (Jnn)2 +  J^uJu }^ -0.01 -0.01 -0.01
S - F -1.4E-17 3.5E-6 8.2E-4
1 72 1.9E-10 3.2E-9 1.8E-5
— 17 72 unuuvjjb -0.01 -0.01 -0.01
Table 5.2: Galilean invariant combinations of terms at the end of the static cal­
culation and at the beginning (t = 0 fm/c) and end (t = 150 fm/c) of a dynamic 
calculation for the translation of 160  in the ^-coordinate.
5.1 Head-On Collisions
A series of 160  + 160  collisions are also performed, in which the two nuclei, sep­
arated by an initial distance of Dq = 15 fm, are given a boost towards each other 
with a total centre-of-mass energy of Ecm = 100 MeV. In the case of head-on (5 =  0 
fm, or I = Oh) collisions for a number of functionals that have different terms active 
(as described in table 5.1), the two nuclei clearly separate after the collision process, 
losing ~  85% of their initial kinetic energy throughout the time-evolution, which 
is converted into internal excitation of the fragments. In each case the dynamical 
process is terminated at t = 400 fm/c, before the fragments reach the edge of the 
spatial bounding box. Figure 5.1 illustrates one such collision as a series of density 
plots at various time intervals throughout the process.
The total centre-of-mass energy, which is a combination of the kinetic energies 
associated with the motion of the two fragments and a contribution due to the 
Coulomb repulsion between them, is shown in figure 5.2 for the basic functional, 
along with the kinetic and Coulomb contributions. The sharp reduction in energy
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Figure 5.1: Density contour plots throughout a collision between two 160  nuclei at 
Ecm = 100 MeV in the (x,z) plane.
at around t =  80 fm/c is due to the dissipation of kinetic energy, which is converted 
into excitation energy as the two nuclei start to interact with each other by way of 
collisions between the nucleons and the walls of the mean-held potential. During 
the collision period, 50 < Z < 180 fm/c, the fact that the two nuclei are not clearly 
separated means that numerical artifacts appear in the function for the centre-of-
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mass energy, which have no significant physical meaning. Only once the fragments 
have fully separated does the centre-of-mass energy function reveal the total extent 
of the dissipation throughout the collision process. For the collision represented in 
figure 5.2, the centre-of-mass energy after the fragments have separated is Ecm ~  18 
MeV.
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Figure 5.2: Total centre-of-mass energy as a function of time during a collision 
between two 16 O nuclei using the basic Skyrme functional within a time-dependent 
Hartree-Fock calculation. The kinetic energy and Coulomb repulsion contributions 
to E cm are also shown.
Figures 5.3 and 5.4 also show the centre-of-mass energy as a function of time 
for a series of calculations, which contain some or all of the previously missing 
densities as part of the mean-held and Skyrme energy (as indicated in the figures). 
Figure 5.3 shows all the terms that become active in the mean-held, but with the 
tensor parameters set to zero, and figure 5.4 includes the non-zero tensor parame­
ters, which leads to the extra terms in the functional, S' - F , as well as the cartesian 
spin-current tensor density components (JMM)2 and Although these terms
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individually have some small effects on the energy dissipated throughout the colli­
sion, generally when all the terms are included together, these effects on E cm are 
cancelled out, leading to a result similar to that of the basic functional described 
in figure 5.2.
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Figure 5.3: Centre-of-mass energy as a function of time with various terms included 
as part of the Skyrme functional (as labelled) but with the tensor parameters set 
to zero.
The individual contributions to the Skyrme energy from each of the terms in 
the functional are illustrated in figures 5.5, 5.6 and 5.7. The first of these indicates 
the terms already present in the basic functional, which includes all the time-even 
terms except for the central and tensor contributions to the spin-current tensor, and 
the time-odd current density, j 2, not to be confused with the spin-current tensor, 
J 2, as well as the full spin-orbit interaction, which contains time-even and time- 
odd components. In each of these cases the individual terms maintain a constant 
value, as determined by the solution from the static calculation, indicating the 
nuclei are in their ground states, until they start to interact with each other at
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Figure 5.4: Centre-of-mass energy as a function of time with various terms included 
as part of the Skyrme functional (as labelled) an with non-zero tensor parameters.
the collision impact point (at around t =  60 fm/c). The exceptions to this are 
the pr and j 2 terms, which are required in the Galilean invariant combination in 
order to produce a constant value throughout the initial dynamic process, so as 
to preserve translational symmetry up until the time the nuclei interact with each 
other. In this instance a flow of particles is induced from the applied boost leading 
to a non-zero j 2 term in the dynamic calculation. It should also be mentioned 
that while most of the densities in the Skyrme functional are uniquely defined by 
their independent coupling constants, there are several that are not, since they 
may be expressed in terms of other densities through integration by parts. These 
dependent terms are outlined in equations (2.41), in which the first order vector 
density, Vp, is obtained from the second order scalar density, V 2p, as well as 
(2.50) and (2.52), which describe how the time-even and time-odd components of 
the spin-orbit interaction may be expressed as their dependent terms.
The time-odd terms that have been implemented as part of this work are shown
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Figure 5.5: Energy contributions from each of the terms present in the basic version 
of the Skyme functional.
in figure 5.6 and are calculated both with and without a contribution from the 
tensor force parameters. In this case the time-odd densities are initially zero, as 
expected, until the two nuclei begin to interact with each other. Each of these terms 
provide only a small contribution to the total energy of the fragments throughout 
the collision process in comparison with the time-even ones, however their non­
zero values are still significant. The addition of the tensor component also provides 
small shifts in the energies of all the terms, even though the coefficients themselves 
only directly contribute to the S - T ,  S - F ,  S  -V 2S, (V • S ) 2 and J 2 terms. In the 
case of S-T ,  the tensor component serves to decrease the overall magnitude of the 
energy contribution from this term significantly, whereas the S - F  term, which only 
appears when the Skyrme tensor parameters are non-zero, provides contributions 
that are larger than S - T  by an order of magnitude. The (V • S ) 2 term also 
only contributes to the Skyrme energy when the tensor parameters are non-zero, 
however in this case its contribution remains close to zero throughout the collision.
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Despite the fact that the energy contributions from both the (V • S ) 2 and S  'X72S  
terms are computed and illustrated in figure 5.6, they have been excluded from 
the mean-field, which forms the basis for the iterative solution of the Hartree-Fock 
equations, and which is integrated over to derive the total Skyrme energy. This 
is due to the appearance of instabilities in these terms, which may be numerical, 
caused by the calculation of the gradient of the spin density, which needs to be 
investigated further. The origin and nature of such instabilities in the context 
of nuclear energy density functionals have been investigated by Kortelainen and 
Lesinski [153] away from issues of a numerical nature, in which the stability of 
the functionals is found to be dependent on particular perturbations of the nuclear 
ground-state density. However, the terms excluded from the mean-field here are not 
required in combination with any time-even terms to preserve Galilean invariance 
and are shown to have small contributions to the total energy of the system when 
calculated from the energy functional in this case, so they are unlikely to lead to 
large shifts in the calculated dynamical properties when included.
As illustrated in table 5.2, the current density term, j 2, should be formed in 
combination with the time-even pr term, which has an energy value of E(pr) = 
46.69 MeV for a single 160  nucleus at the end of the static calculation. At the 
beginning of the collision calculation, the energy contribution from both nuclei is 
shared between the two terms. In both cases, after an initial excitation as the two 
nuclei collide, the individual components oscillate around an equilibrium value, 
with the j 2 component contributing ~  5% of the total energy of the term, which 
loses ~  25% of its initial energy after the two nuclei separate. Both the S  • T  and 
S  • F  components are also required in combination with the time-even cartesian 
components of the spin-current tensor. In these calculations the full J 2 term has 
only a small energy contribution to the ground-state in 160 , so that the time-odd 
parts of each Galilean invariant combination remain close to zero at the start of 
the dynamic simulation.
Figure 5.7 shows the full time-even spin-current tensor density, J 2, decomposed 
into its separate components. On the left-hand side the density is decomposed into 
its pseudoscalar, vector and pseudotensor contributions as outlined in equation
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Figure 5.6: Energy contributions from each of the time-odd terms that have been 
implemented in the full version of the Skyme functional both with and without the 
tensor terms.
(2.74) and on the right-hand side it is recoupled into the cartesian components as 
described by equations (2.72) and (2.73), where fi.n = {x ,y , z } .  The contribution 
to J 2 in the ground-state of 160  is small (E (J2) =  4.7 x 10~ 3  MeV with the 
tensor force parameters set to zero and E { J 2) =  —0.01 MeV with non-zero tensor 
contributions), since the nucleus is doubly magic and spin saturated. The 160  
nucleus is also spherical in shape, which means that only the vector component, 
J 2 or J 2 as it is labelled in figure 5.7, has a non-zero contribution in the static 
calculation as discussed in chapter 2. The terms also remain small throughout 
the collision, with the inclusion of the tensor component leading to a change in
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sign for the vector part, or a reduced contribution in terms of in cartesian 
coordinates. A collision between nuclei that are spin unsaturated, or have a ground- 
state deformation will lead to larger energy contributions from the spin-current 
tensor in the static calculation, which may therefore have larger contributions and 
exhibit different features in the case of a collision also.
0.0003
0.0002
0.0001
0
0.5
><D 0
>No>
0) -0.5c
LU
-1
0.4
0.3
0.2
0.1
0
J0 (tensor)
V J.,2 (tensor)
100 200 300
Time (fm/c)
0.0002 
0.00015 
0.0001 
i 5e-05 
0
? -2 
J2 (tensor)
400
(Juu) (tensor)
0.8
Juv2 (tensor)0.6
0.4
0.2
0
0.25
-0.25
-0.5
-0.75
100 200 300 400
Time (fm/c)
Figure 5.7: Contributions to the Skyrme energy from the spin-current tensor den­
sity both with and without the tensor force terms. The left-hand side shows the 
components of the full density written as a pseudoscalar, vector and pseudoten­
sor contribution, whereas the right-hand side decomposes the full term into its 
cartesian components.
The combined energy contribution from the full spin-current tensor to the 
Skyrme energy is shown in figure 5.8, which is simply the sum of the individ­
ual components on the left-hand side of figure 5.7, or of those on the right-hand 
side (which of course produce the same result). The maximum energy from this 
term during the interaction between the two nuclei reaches E ( J 2) =  0.68 MeV at
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t =  107.8 fm/c in the case of a non-active tensor force, with approximately equal 
contributions arising from the vector and pseudotensor components of J 2. The in­
clusion of non-zero tensor parameters leads to a negative overall energy for the full 
term over the entire collision process, having produced a value of E ( J 2) — —0.01 
MeV in the static calculation. In this case the energy contribution from the full 
spin-current tensor density is composed almost entirely of the cartesian component, 
which is strictly zero unless the tensor force is included, with the full term 
reaching an energy of £ (  J 2) =  -0 .74 MeV at t =  115.8 fm/c during the collision 
process. This energy can also be composed in terms of a negative contribution 
from the vector component, J 2, which has the opposite sign and is double the 
magnitude compared to the calculation without the tensor force parameters, and 
a positive contribution from J |  that has a similar magnitude and behaviour as the 
case without the tensor terms.
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Figure 5.8: Energy from the spin-current tensor density as a function of time, which 
is the sum of the individual components written in terms of a pseudoscalar, vector 
and pseudotensor part, or in terms of cartesian components.
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Finally, the overall contributions from the time-even and time-odd components 
of the Skyrme energy are illustrated in figure 5.9. In both cases the energies remain 
constant up to around £ = 60 fm/c, when the two nuclei first collide with each other 
and start to interact. There is an initial excitation and the contributions from 
each term oscillate before reaching an equilibrium with energies that are excited 
compared to the original values. In the case of the time-odd components, the 
majority of the energy arises due to the contribution from the current density, j 2, 
whereas for the time-even terms the contribution is built from a large negative 
value of p2 and positive contributions from the pr and pV2p terms. The spin-orbit 
interaction contributes to approximately 1 % of the total Skyrme energy at the 
start of the dynamical process, growing to ~  4% after the collision, or ~  6 % when 
the tensor terms are included with parameter values of te = 296 MeV fm5 and 
t0 = —136 Mev fm5. The total energy within the system is then a combination of 
the Skyrme energy, Coulomb energy and the kinetic energy of each fragment plus 
the contributions from the initial boost of the two fragments towards each other, 
which must be conserved throughout the full dynamical process. This is the case to 
within ~  0.5% for all the calculations performed in this work. The internal kinetic 
energy, associated with the single-particle motion within the system, has values of 
E(KE) — 550 MeV at the beginning of the dynamical process and E(KE) ~  450 
MeV at the end (t = 400 fm/c), in which ~  90% of the total collision energy has 
been converted into internal excitation of the fragments.
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Figure 5.9: Time-even and time-odd components of the Skyrme energy as a function 
of time for the 1 6 0  +  1 6 0  collision both with and without tensor terms.
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5.2 Off-Axis Collisions
A series of off-axis 160  + 160  collision calculations have been performed using the 
full Skyrme energy functional (with non-zero tensor parameters where indicated). 
A selection of impact parameters, 6  =  2,4,6 ,6.5 fm, have been chosen, equivalent 
to I = 12.4,24.8,37.3,40Ah using [154]
l =  6(2A1Ecm)1/2, (5.1)
where fi is the reduced mass, and the energy contributions from the time-odd and 
spin-current tensor densities have been investigated. In the case of collisions with 
an impact parameter of 6  =  2 fm (Z =  12.46.) the calculations lead to a clear 
separation of the two nuclei after the reaction, similar to the head-on case, with 
the fragments reaching a separation distance of D = 20.1 fm at t =  400 fm/c, 
in which ~  80% of the total centre-of-mass energy is dissipated throughout the 
process with the kinetic energy of each fragment at the end of the calculation 
dropping to E(KE) = 5.65 MeV. For collisions at larger impact parameters, 6  =  4 
fm (Z = 24.86) and 6  =  6  fm (Z = 37.36), the two 160  nuclei fuse to produce an 
excited compound nucleus, which rotates around the total centre-of-mass of the 
system. Figure 5.10 shows the total particle density from the two nuclei at a series 
of timesteps throughout the collision for an impact parameter of 6  =  6  fm, which 
illustrates the fusion reaction process at a centre-of-mass energy of Ecm =  1 0 0  
MeV. In the cases where fusion occurs the calculations were performed for an 
extended period of time, t = 2 0 0 0  fm/c, allowing for the compound nucleus to 
decay via particle emission but ensuring that it does not undergo fission. The 
final Hartree-Fock energy, root mean square radius and quadrupole deformation 
parameter of the resulting compound nuclei were calculated to be E h f  =  —128.39 
MeV, r = 6.81 fm and = 0.75 for the collision at an impact parameter of 6  =  4 
fm and E h f = —128.22 MeV, r =  6.44 fm and fa = 0.61 for 6  =  6  fm respectively 
at the end of the simulations. Calculations were also performed to include the non­
zero tensor force parameters and produced similar values for each of the properties 
under the same conditions, but with some small adjustments to the Hartree-Fock
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energy from the extra terms in the mean-held.
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Figure 5.10: Density contour plots throughout a collision between two 160  at E cm = 
100 MeV in the (x.z) plane for an impact parameter of 6  =  6  fm.
As the impact parameter value is increased still further to 5 — 6.5 fm (/ =  
40.4/i), the reaction no longer induces fusion between the two nuclei, which scatter
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off each other but barely interact before reaching the edge of the spatial bounding 
box at £ ~  350 fm/c. The total energy dissipated in this case is ~  50% of the initial 
centre-of-mass energy, with each fragment having a kinetic energy of E {K E)  = 25.4 
MeV and a Coulomb repulsion between them of E{Coul) =  3.3 MeV by the time 
the fragments reach the box boundary.
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Figure 5.11: Skyrme energy as a function of time for the 160  +  160  collision at 
different impact parameters without the tensor terms. The time-even and time-odd 
components are also shown separately.
Figure 5.11 shows the time-even and time-odd contributions to the Skyrme 
energy for each of the impact parameters as discussed. In each case as the impact 
parameter increases, the initial excitation of the contributing terms at the point 
of the collision between the two nuclei occurs at a later time and with a smaller 
overall effect on the Skyrme energy. For an impact parameter of 6  — 4 fm, in 
which the reaction undergoes fusion, the terms exhibit the largest magnitude of 
oscillations throughout the time evolution, particularly for the time-even terms in
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the mean-held. At the largest impact parameter, b = 6 . 5  fm, for which inelastic 
scattering occurs, there is little effect on the different components of the energy in 
the fragments as a function of time.
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Figure 5.12: The J 2 contribution to the Skyrme energy as a function of time for 
the 1 6 0  +  1 6 0  collision at different impact parameters with non-zero tensor force 
parameters where indicated.
Figure 5.12 shows the contribution to the Skyrme energy from the full J 2  terms 
for each impact parameter with the tensor parameters set to zero in the top panel 
and non-zero tensor values as previously discussed in the bottom panel. At impact 
parameters of 6  =  0 fm and 5 =  2 fm the energies from J 2  follow a similar trend 
throughout the collision, with a large initial excitation at the point of impact of the 
two nuclei, followed by an oscillating contribution around a value that is slightly 
larger than the energy at the beginning of the reaction process. At 6  =  6 . 5  fm, 
which also produces a clear separation of the two fragments after the collision, the 
calculation produces the smallest initial excitation of the J 2  terms, but returns to
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a value similar to that produced at impact parameters of 6  =  0  fm and b = 2  fm, 
whereas for the impact parameter values that lead to fusion, b = Aim and b = 6  fm, 
the J 2 terms remain at a slightly more excited level at the end of the simulation 
than for the cases that result in inelastic scattering. The inclusion of non-zero 
tensor parameter values leads to a total contribution from the J 2 terms that has 
the opposite sign to those in which only the central and spin-orbit components are 
included for all impact parameters, however the overall trend in each case remains 
similar.
5.3 Fusion Properties
Further calculations have been performed to investigate the fusion properties for 
the 160  + 160  reaction using a selection of modern Skyrme forces that include the 
fitted tensor force parameters as discussed in Chapter 3. Comparisons are made 
with the work of Umar and Oberacker [78], along with the available experimental 
data, and the influence of the time-even and time-odd densities attributed to the 
tensor interaction are studied in this context for the first time.
Nuclear fusion occurs when two initially well separated nuclei collide to form 
a compound nucleus, losing its memory of the entrance channel. Energy and mo­
mentum conservation laws imply that the compound nucleus is generally formed 
at high internal excitation and angular momentum and as a consequence the fused 
system cools via particle-emission, 7 -emission or fission, with several competing 
decay channels leading to a range of outcomes that may be difficult to distin­
guish experimentally. At low energies fusion is driven by one-body dissipation, 
since Pauli blocking prevents nucleon-nucleon collisions. Fusion therefore occurs 
by transferring relative motion into internal excitation via one-body mechanisms, 
inducing couplings between these degrees of freedom that are well treated within 
the three-dimensional time-dependent Hartree-Fock approach. Such couplings have 
to be explicitly included within other approaches, including coupled-channel calcu­
lations, giving the self-consistent mean-field method an advantage in this context. 
However, since it is a semi-classical theory, providing classical trajectories for the
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time-evolution and expectation value of one-body observables, only cross-sections 
above the fusion barrier may be calculated (since tunnelling below the Coulomb 
barrier is not accounted for), with the time-dependent Hartree-Fock approach ex­
hibiting the best agreement with experimental data for reactions involving light 
nuclei, since in these systems fusion comprises almost the entire reaction cross- 
section.
The fusion barrier is defined as the centre-of-mass energy, above which fusion 
occurs for a head-on collision. Experimentally this quantity is approximated by the 
centroid of the so-called barrier distribution for a given cross-section. The width 
is then generated by tunnelling for a quantum system. The simplest approach to 
modelling fusion reactions within the time-dependent Hartree-Fock method is to 
consider the relative distance between the centres of mass of the two nuclei, which 
reduces the reaction to a dynamical evolution in a potential that is deduced from 
the long-range Coulomb repulsion between the nuclei and their short-range nuclear 
attraction. Using the sharp cutoff approximation [148] the fusion cross-section can 
then be expressed as a function of the initial centre-of-mass energy for the reaction 
and the maximum orbital angular momentum, lmax, for which fusion occurs,
ttTl2
crf =  nTJr (Irnax + I)2- (5.2)
Z, fill/cm
In the time-dependent Hartree-Fock approach, a series of head-on collisions are 
considered at different energies on the three-dimensional cartesian grid with di­
mensions (-14,+14) in each coordinate, a grid spacing of 1.0 fm and an initial 
separation of the two nuclei of D0 = 15 fm in keeping with the work of [78]. Sev­
eral modern Skyrme forces are used and the fusion barrier located in each case, 
which lies between the highest centre-of-mass energy for which there is no fusion 
and the lowest one for which fusion occurs, as well as the fusion window by also 
considering the threshold energy, above which fusion is no longer observed but only 
inelastic collisions occur. The two nuclei are deemed to have fused if the fragments 
remain at relative separation distances that are small (D < 10 fm) after the colli­
sion is run forward for a given amount of time, having observed several rebounds 
of the root-mean-square radius of the compound system and the disappearance of
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the two-centre structure of the nuclear density. Such approaches have generally 
been able to describe the qualitative features of fusion barriers well, despite the 
fact that the parameters of the effective interactions have not been adjusted to 
reaction properties and also have not included vital components of the interaction, 
namely the tensor terms, in the past.
Force Barrier (MeV) Threshold (MeV) Threshold [78]*
SkM* (basic) 9 77 62
SkM* (inc. J2) 9 71 —
SkM* (full) 9 73 56
SLy5 (full) 10 68 55
SLy5 (tensor) 10 65 •—
Tl2 9 60 —
Tm 9 70 —
T22 9 62 —
r 24 9 71 —
T26 9 85 —
t42 9 67 —
t44 9 76 —
Tke 9 85 —
Table 5.3: Fusion barrier and threshold energies for the 160  + 160  collision using 
various parameterisations of the Skyrme interaction. * Communication [155] with 
the author of [78] has since led to the discovery of a mistake in the original publi­
cation, which once corrected produces threshold energies in agreement with all the 
calculations in this work.
Table 5.3 shows the results of the calculations for the fusion barrier and upper 
threshold energy using the Skyrme parameterisations indicated. The threshold 
values are compared with those of previous calculations where available for the 
various forces and versions of the effective interaction. In the first case, the SkM* 
force is used, in which the basic version of the Skyrme functional is employed (i.e.
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containing all time-even densities, with the exception of the J 2 density, the full 
spin-orbit interaction with its time-even and time-odd contributions, and the time- 
odd current density, j 2, which is required for Galilean invariance of the functional 
in this form). A separate calculation is also performed, in which the J 2 term 
is included, although it should be mentioned that the SkM* force was originally 
fitted without this term. Its inclusion leads to a 6 MeV drop in energy for the 
fusion threshold, although an increase from this value of 2 MeV is observed once 
the full interaction is employed, including the time-odd densities (but with the 
tensor force parameters set to zero), leading to an overall drop in threshold energy 
of 4 MeV compared with the most basic form of the Skyrme functional. This 
force is chosen so that a comparison may be made with the work of Umar and 
Oberacker [78], who performed similar calculations to investigate fusion threshold 
energies. A calculation based on the SLy5 parameterisation, which includes the J 2 
term in the fitting procedure, has also been performed, along with one in which 
the optimum tensor parameters found in [55] have been included (labelled as SLy5t 
from here on in), leading to a further lowering of the threshold energy by 3 MeV. 
The observed threshold energies in this work are ~  15 MeV higher than those of [78] 
for all available comparable calculations, however, the overall effect of including 
all the components of the effective interaction remain similar, with the inclusion 
of the J 2 and time-odd densities in the mean-field leading to a lowering of the 
upper threshold energy for fusion. Further calculations have been performed and 
compared against those of the author of [78] in order to identify possible sources 
of discrepancy and it has since been established that a mistake in the previously 
reported calculations [78] led to a decrease in the threshold energy values of the 
order reported in this work [155].
A selection of the parameterisations by Lesinski et al. [56], that were fitted 
to include the tensor coupling strengths, have also been investigated. In these 
fits, a similar protocol to the SLy set was used and a range of values for the 
isoscalar and isovector coupling constants for the J 2 terms (including the tensor 
components, as well as the central and exchange parts of the term) were covered. 
The range of values encompassed coupling strengths that are analogous to several
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of the established modern Skyrme forces that could be used for comparison. The 
SLy5 force consists of coupling strength parameters that lie between those of the 
T\2  and T14 parameterisations, which is reflected in the observed fusion threshold 
energies, since they fall either side of energy observed for SLy5. In the case of T2 2 , 
which has coupling strengths equivalent to the SLy4 force, the contribution from 
the J2 terms to the Skyrme energy vanishes, leading to one of the lowest threshold 
energies calculated in this study. For forces with indices T2j only the like-particle 
component of the J 2 terms are non-zero. In this case as the coefficients are increased 
the threshold energy is also shown to increase significantly from Ethreshoid — 62 MeV 
for T22 to Ethreshoid = 85 MeV for T26 . A similar situation is observed for forces with 
indices Ti2, in which only the proton-neutron part of the J2 terms contribute to the 
overall energy, although the increase in threshold energy is less pronounced as the 
coupling strength parameters are increased, leading to energies of Ethreshoid = 60 
MeV for T12 up to Ethreshoid = 67 MeV for T4 2 . Finally, it is shown that for forces 
with identical isoscalar components but different isovector ones, such as for T26 and 
T4 4 , the threshold energy is increased as the isovector coefficient is increased, with 
larger coupling strength values leading to higher threshold energies in all cases. 
These results lead to the conclusion that the fusion threshold is sensitive to the 
details of the different parameteriations, making it essential for further studies 
to be made in which the interaction parameters are constrained using dynamical 
properties as well as static ones.
Despite the sensitivity to the different choices of Skyrme force for determining 
the threshold energy, the fusion barrier energy remains robust for all the forces 
that were investigated and are consistent with the results of previous calculations 
that report a minimum energy for fusion of 8 . 8  MeV [156].
Figure 5.13 shows the separation of the two nuclear fragments as a function of 
time throughout the reaction process using the SLy5 parameterisation for the full 
Skyrme functional and with the tensor parameters set to zero. A series of centre- 
of-mass energies are shown, which represent both the inelastic scattering case and 
fusion reactions for the set of head-on collisions. It is clearly shown that initial 
centre-of-mass energies of Ecm — 11,67,68 MeV lead to fusion, with the separation
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Figure 5.13: Fragment separation as a function of time for the 160  +  160  head-on 
collision at different centre-of-mass energies, in which inelastic scattering or fusion 
is observed.
of the two fragments remaining small at the end of the dynamical process, whereas 
above the fusion threshold, for energies of Ecm =  69,70 MeV, the two nuclear 
fragments clearly separate after the collision, leading to inelastic scattering. At 
a centre-of-mass energy of Ecm =  10 MeV the reaction occurs below the fusion 
barrier and the fragments do not have sufficient energy to overcome the Coulomb 
repulsion between them and so the two nuclei do not fuse.
Fusion cross-sections have been calculated for a selection of the forces discussed 
at a centre-of-mass of Ecrn =  34 MeV and compared to earlier calculations and ex­
perimental data. The cross-sections are calculated using equation (5.2) by search­
ing for the maximum impact parameter, bmax, for which fusion occurs in each 
case, corresponding to a maximum orbital angular momentum, Imax, calculated 
using equation (5.1). The maximum impact parameters were found to be fairly
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robust for all parameterisations, at either bmax =  6.70 fm for SkM*, Z42 and Z4 4 , 
or bmax = 6.65 fm for all the other forces listed in table 5.4. However, the results 
of [78] previously found that the maximum impact parameters for SkM* and SLy5 
were 0.05 fm lower, leading to slightly lower values for the fusion cross-section than 
for the current work, which overestimate oy by approximately 25-30% compared 
to the experimental value [78] depending on the parameterisation.
Force bmax (fm) Imax (fi) cry (mb) Comparison [78]
SkM* (full) 6.70 24.26 1388 1368
SLy5 (full) 6.65 24.08 1368 1347
SLy5 (tensor) 6.65 24.08 1368 —
t 12 6.65 24.09 1347 —
T22 6.65 24.09 1347 —
T24 6.65 24.09 1347 —
T42 6.70 24.27 1366 —
T44 6.70 24.27 1366 —
Experiment [157] — — 1075 —
Table 5.4: Maximum impact parameter, orbital angular momentum and fusion 
cross-section for the 160  + 16O collision at Ecm =  34 MeV using various parame­
terisations of the Skyrme interaction.
Figure 5.14 shows the contribution to the Skyrme energy from the full J 2 com­
ponent, including the tensor terms, as a function of time for a selection of forces 
at an impact parameter of 5 = 6.65 fm. This impact parameter corresponds to 
bmax for SLy5t, T22 and T24 and leads to fusion for all the cases shown. Only the 
SLy5t, which includes non-zero tensor parameters, has a negative contribution to 
J 2, although the sign of this term is reversed when the tensor coupling strength 
parameters are set to zero (as illustrated earlier in figure 5.8), indicating that this 
effect may be a result of including the tensor parameters perturbatively rather 
than refitting all parameters. As mentioned earlier, the T22 parameterisation has 
a vanishing J 2 contribution, whereas T24 and Z42 contain only particle-like and
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proton-neutron components of the term respectively, with T4 4  containing the same 
isovector coefficient as T2 2 , but a larger isoscalar component, which leads to T4 4  
having the largest overall J 2  contribution over the full collision process. In each 
case the contribution remains constant and close to zero while the two nuclei are 
well separated, then grows as they collide and start to interact with each other. 
The term remains significantly larger than the individual contributions from the 
two initial ground-state nuclei throughout the formation of the compound nucleus.
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Figure 5.14: Energy contribution from the J 2 component of the Skyrme functional 
as a function of time for the 16O +  16O collision at Ecm =  34 MeV and b = 6.65 
fm for different Skyrme force parameterisations.
Finally, the contributions to the total energy from the time-odd components of 
the Skyrme interaction are shown in figure 5.15. The full time-odd contribution 
is shown for two impact parameter values, in which fusion occurs in one case, but 
inelastic scattering is observed in the other. The time-odd current density, j 2. is 
also shown alongside Eoddl since this was the only time-odd term to be included
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Figure 5.15: Energy contribution from the time-odd terms as a function of time 
for the 16O +  1 6  O collision at Ecm =  34 MeV for different Skyrme force parameter­
isations with impact parameters corresponding to a fusion reaction and inelastic 
scattering.
in the basic form of the functional in previous calculations. The top panel in 
figure 5.15 illustrates these terms for the SLy5t force including the added tensor 
parameters for the maximum impact parameter for fusion, bmax = 6.65 fm, as well 
as b = 6.7 fm, for which inelastic scattering occurs with the two collision fragments 
reaching the edge of the spatial bounding box at / ~  450 fm/c. The lower panel 
shows the results for a similar set of reactions using the T4 2  parameterisation, which 
has bmax =  6.70 fm for fusion in this case. It is clearly shown that initially the 
largest contribution to Eocid comes from the j 2 term, which is almost entirely the 
sole contributor at the start of the dynamical simulations, shrinking to ~  60% of 
Eodd in the case of SLy5t (or ~  40% for T42) at / ~  400 fm/c, with contributions 
from the S 2 density and the time-odd part of the spin-orbit interaction providing
SLy5t
E0dd (6=6.70 fm) —  
j 2 (b=6.70 fm)
Eodd (6=6.75 fm) .....
j 2 (b=6.75 fm) .....
Time-Odd and Tensor Densities in Nuclear Collisions 97
larger contributions. After this time, the j 2 term provides ^  70% of the full time- 
odd energy contribution, with E0(id exhibiting the same behaviour over time as the 
current density component.
The time-odd densities and tensor components of the Skyrme effective interac­
tion have been implemented and investigated for a series of dynamical calculations 
using the time-dependent Hartree-Fock approach. The inclusion of the time-odd 
terms is shown to be necessary, not only for preserving the Galilean invariance 
of the Skyrme functional, but they also lead to significant modifications in the 
context of fusion properties, despite the fact that these terms only have a small 
contribution to the total Skyrme energy (much smaller than the contribution from 
the time-even components). The fusion threshold energies are also found to be 
modified by the choice of coupling strength parameters for the J 2 terms, and in 
particular the contributions from the tensor part of the effective interaction, which 
have not been studied in dynamical calculations until now. The parameterisations 
of Lesinski et al [55] allow the possibility for the systematic study of the effect of 
the full J2 terms on both the static and dynamic properties of nuclei and clearly 
have significant impacts on fusion properties in the case of the symmetric colli­
sion between doubly magic, spin saturated nuclei. Further insights may also be 
provided in cases where deformation is present in the nuclear ground-state, or in 
non-symmetric collisions, which are investigated in the next chapter.
Chapter 6
Nuclear Collisions for Deform ed  
System s
Heavy-ion collision experiments provide a sensitive probe of the size and structure 
of atomic nuclei, as well as the reaction mechanisms that take place between them. 
Recent advancements in experimental techniques using radioactive ion beams have 
opened significant opportunities for the exploration of the properties of the exotic 
nuclei that populate the majority of the nuclear chart. In these regions, reaction 
properties, such as fusion cross-sections, have been demonstrated to be strongly 
influenced by nuclear deformation and orientation [158] and have received partic­
ular attention for the formation of heavy and superheavy elements [159], but also 
influence processes between light nuclei.
In the context of simulating nuclear reactions within the time-dependent Hartee- 
Fock approach, a fully three-dimensional treatment is necessary that incorporates 
the most modern effective interactions. For collisions in which one or both nuclei 
exhibit a ground-state deformation, it is also necessary to account for the different 
relative orientations of the two nuclei as they approach each other. The evaluation 
of cross-sections then requires a suitable average over all possible orientations to 
be performed [75].
At a given centre-of-mass energy, F7cm, and impact parameter, b, some relative 
orientations between the two nuclei may contribute to fusion, while others lead
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to inelastic scattering. This is reflected in the fusion barrier properties that are 
observed experimentally, which generally have distributions with a width that arises 
in part from tunnelling, but is mainly understood as an effect of the different 
relative orientations of the two nuclei [160]. If the elongation of the deformed 
nucleus matches the reaction axis for a collision, then the fusion barrier is lowered, 
whereas if the deformation is perpendicular to the reaction plane then the barrier 
is increased, leading to two limiting cases that give rise to the observed barrier 
distribution. In the lowest-order approximation it may be assumed that all relative 
orientations of the system occur with equal probability. This assumption is valid 
for collisions between relatively light nuclei, however, Coulomb excitation in heavier 
systems generally results in a preferential alignment of the deformed nucleus, which 
must be accounted for when calculating cross-sections [160].
A series of calculations have been performed for the light 28Si +  160  system 
to investigate the role of the time-odd and tensor densities in the case of a non- 
symmetric collision between a deformed and a spherical nucleus at different relative 
orientations of the system. Time-dependent Hartree-Fock calculations have been 
performed on a cartesian grid with dimensions (-24,+24) fm along the collision 
plane and (-12,+12) fm in the other coordinates, with a grid spacing of 1.0 fm 
and an initial fragment separation of 15 fm. The SLy5 Skyrme parameterisation 
has been employed with added tensor force parameters of te = 296 MeV fm5 and 
tQ = —136 MeV fm5 where indicated (labelled as SLySt).
6.1 28Si G round-State
The results of the static calculations for 28Si are summarised in table 6.1 for a 
variety of properties using the full Skyrme functional with the SLy5 and SLySt 
forces, as well as a selection of the parameterisations refitted with the inclusion of 
the tensor force. A similar set of results are shown in table 5.1 for the 160  ground- 
states, on which the dynamic calculations are based for SLy5 and SLy5t. In these 
calculations the centre-of-mass corrections are ignored, which may once again lead 
to differences when comparing to previous static calculations of ground-states that
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include the correction, as mentioned in Chapter 5, but this provides consistency 
for the purposes of performing dynamic simulations. Pairing is also ignored in the 
static solution (since it cannot currently be treated within the dynamical calcula­
tions using the Oak3D code), despite the fact that pairing correlations may have an 
impact on the structure properties in 28Si, which has 6 particles above the Z=N=8 
shell closure in both protons and neutrons.
SLy5 SLySt T 22 224 242 Exp [161]
BE (MeV) 218.33 232.05 221.13 218.50 224.13 236.6
KE (MeV) 468.90 509.37 482.93 468.32 491.51 —
fa 0.29 0.10 0.23 0.30 0.18 -0.42
rms radius (fm) 3.14 2.99 3.08 3.14 3.05 —
Coulomb (MeV) 36.48 37.80 36.98 36.48 37.28 —
J 2 (MeV) 0.99 -2.46 0.05 3.50 5.95 —
Time-even (MeV) -680.02 -705.83 -683.32 -669.76 -665.28 —
Time-odd (MeV) -5.2E-18 -2.1E-18 -1.2E-18 -6.0E-18 -2.8E-19 —
Table 6.1: Static properties of 28Si using the full Skyrme functional with various 
parameterisations as indicated.
It is found that the inclusion of non-zero tensor parameters added to the SLy5 
force leads to modifications to the total binding energy and root-mean-square ra­
dius in this case, as well as to small shifts to the single-particle levels and the 
overall shape of the nucleus. All calculations result in a deformed, oblate ground- 
state in 28Si, with quadrupole deformation values of fa = 0.29 and fa = 0.10 (with 
7  =  60.0 in both cases) for SLy5 and SLy5t respectively. Since the nucleus is 
spin unsaturated, with only partially filled shells for both protons and neutrons, 
the spin-current tensor density has a significant contribution to the Skyrme en­
ergy, with the tensor component of this term also leading to further modifications. 
This is reflected in table 6.1, in which the role of the added tensor parameters 
is to increase the overall energy contribution from J 2, with the exception of the 
T22 parameterisation, which contains coupling strength parameters that lead to a 
vanishing J 2 contribution under the assumptions of spherical symmetry. Only for
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SLySt is the sign of this contribution changed, most likely due to the perturbative 
inclusion of the tensor parameters. The added energy contributions from the J2 
terms in the Skyrme energy functional, along with the ground-state deformation 
in this nucleus may also produce significant effects on the properties in terms of 
collision dynamics.
6.2 Head-On Collisions for Deformed System s
A set of 28Si + 160  collision calculations have been performed at an impact pa­
rameter of  ^ — O fm and a centre-of-mass energy of Ecm =  100 MeV using the 
SLy5 and SLySt forces for the two limiting cases of relative orientation between 
the two nuclei. In the static solution the 28Si nucleus exhibits a ground-state oblate 
deformation, which is elongated along the ^-coordinate, so that a collision along 
the (%, z) plane results in the orientation of the deformation being aligned parallel 
to the collision plane, lowering the fusion barrier compared to the opposite orienta­
tion of 28Si. The opposite limiting case for the relative orientation of the system, in 
which the deformation is aligned perpendicular to the collision plane, is achieved 
by initialising the collision along the (z,x) plane. This orientation produces an 
increased barrier for fusion. Figures 6.1 and 6.2 illustrate these two cases in terms 
of the evolution of the total density as a function of time throughout the collision 
process for SLy5.
It is shown that with the tensor parameters set to zero, at Ecm = 100 MeV the 
collision with a relative orientation that is parallel to the deformation in 28Si (figure 
6 .1 ) is above the fusion threshold and so inelastic scattering is observed for this 
system. In the case where the elongation of the deformed nucleus is perpendicular 
to the collision plane, the reaction results in fusion (figure 6.2). In this case the 
resulting compound nucleus has a Hartree-Fock energy, root-mean-square radius 
and prolate quadrupole deformation of E h f  = —231.74 MeV, r  = 6.46 fm and 
/?2 =  0.35 (with 7  =  1.7) respectively, after t = 800 fm/c.
For the case in which inelastic scattering is observed (figure 6.1), the two nuclei 
clearly separate, losing ~  85% of their initial kinetic energy after t = 650 fm/c, at
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Figure 6.1: Density contour plots throughout a 28Si +  160  collision at Ecm =  100 
MeV along the (z, z) plane for SLy5.
which time the fragments reach the edge of the bounding box, having exchanged 
approximately 2  protons and 2  neutrons from the 16O nucleus. Once the tensor 
parameters are included, however, the fusion threshold for the collision along the 
(z, z) plane is increased, so that a reaction at Ecm = 100 MeV also results in the 
formation of a compound nucleus with F/zf — —246.21 MeV, r =  6.74 fm and
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Figure 6.2: Density contour plots throughout a 28Si +  160  collision at Ecrn =  100 
MeV along the (z, x) plane for SLy5.
(32 =  0.32 (with 7  =  0.97, indicating a prolate shape) after t =  800 fm/c. This 
finding is contrary to that of previous calculations for the 1 6 0  +  1 6 0  collision,
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in which the inclusion of the time-odd densities and tensor component led to a 
decrease in the upper threshold energy for fusion.
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Figure 6.3: Energy contributions from each of the time-odd terms that have been 
implemented in the full version of the Skyme functional both with and without the 
tensor terms for the 28Si +  160  collision, including the two limiting cases for the 
relative orientation of the system.
The individual contributions from each of the time-odd terms to the Skyrme 
energy functional are shown in figure 6.3. Illustrated are the results from the set 
of 28Si +  160  collisions at Ecm — 100 MeV, two of which are orientated along 
the (x, z) plane, parallel to the elongation in 2 8 Si, using SLy5 and SLy5t (labelled 
as (tensor) in figure 6.3) and one collision with the opposite relative orientation, 
labelled as (z, x) for SLySt.
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Each of the time-odd terms in figure 6.3 have only a small contribution to 
the full Skyrme energy throughout the dynamical process compared to the time- 
even terms, but in most cases the inclusion of the tensor parameters increases the 
magnitude of these terms. Only îor S  ■ T  do the added tensor terms serve to 
decrease its contribution, so that its magnitude is negligible compared to all the 
other terms in the functional. In this example there are shown to be no significant 
effects related to either the collision geometry, in terms of the relative orientation 
of the system, or the added tensor parameters to each of the time-odd terms in 
these calculations, even between the different collision processes for which fusion 
or inelastic scattering is observed.
Figure 6.4 shows the full time-even spin-current tensor density, J 2, decomposed 
into its separate components, in which the pseudoscalar, vector and pseudotensor 
terms on the left-hand side add to produce an identical contribution to the sum 
of the cartesian components on the right-hand side of the figure. At the end of 
the static calculation, the contribution to J2 from the 160  nucleus is small, since 
it is a spin saturated system. This nucleus is also spherical, so the pseudoscalar 
and pseudotensor terms are strictly zero in this case, with only the vector term 
having a contribution. In the case of 28Si, which is a spin unaturated system, 
the ground-state solution exhibits an oblate deformation. This leads to a small 
contribution from the pseudotensor component, Jf, of J 2 (although Jq is still 
strictly zero). At the beginning of the collision, almost all of the energy from the 
full spin-current tensor density is therefore attributed to the 28Si nucleus, with 
the cartesian components, (Jw )2 and only playing a role in the static
calculation and throughout the collision process for the case of non-zero tensor 
parameters.
The addition of the tensor terms to the calculation results in a sign change 
for the overall J 2 density, with the vector component maintaining the largest con­
tribution throughout the time evolution both with and without the added tensor 
parameters. In terms of the cartesian components, the role of adding non-zero 
tensor parameters serves to decrease the magnitude of J2U, but introduces a neg­
ative J^vJun contribution with a magnitude much larger than that of Jfw, which
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Figure 6.4: Contributions to the Skyme energy functional from the individual 
components of the spin-current tensor density for the 28Si +  160  collisions, two of 
which occur in the (%, z) plane (for SLy5 and SLySt) and one collision in the (z, x) 
plane for SLySt. The left-hand side decomposes the J 2 term into the pseudoscalar, 
vector and pseudotensor components, while the right-hand side is recoupled into 
the cartesian components.
therefore provides the largest contribution to J 2  in this case.
For the collision in which inelastic scattering is observed (the red curves in 
figure 6.4), the total energy from the spin-current tensor density exhibits a different 
behaviour to those in which fusion is observed, having a smaller, but positive energy 
contribution to E HF. This may simply be due to the perturbative inclusion of the 
tensor parameters in the other two cases (which both exhibit fusion). Further 
studies in which off-axis collisions arc performed may provide deeper insights into 
the behaviour of both the time-odd and J 2  terms both with and without the tensor 
force contribution.
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6.3 Off-Axis Collisions for Deformed System s
Finally, several off-axis collision calculations have been performed for the 28Si + 
16O reaction at a centre-of-mass energy of Ecm = 60 MeV and both limiting cases 
for the relative orientation of the system using SLy5 and SLySt. It is found that 
the alignment of the deformed 28 Si nucleus along the collision plane plays a role 
on the maximum orbital angular momentum, Zmoa;, and therefore the maximum 
impact parameter, bmax, for which fusion is observed, with calculated values of 
Imax =  33.5771 (or bmax = 7.0 fm) and lmax = 37.5771 (or bmax = 7.8 fm) for the 
collision along the (x, z) plane (with the elongation of 28Si parallel to the collision 
axis) and the (z, x) plane (with the deformation perpendicular to the collision axis) 
respectively using SLy5. These orientation effects must be accounted for in terms 
of calculating fusion cross-sections, in which the maximum impact parameter for 
fusion over all relative orientations of the system should be calculated using the 
time-dependent Hartree-Fock approach and averaged over in order for <7/ to be 
evaluated.
Once the tensor terms are included, using SLySt, it is found that the relative 
orientation of the system no longer has such a pronounced effect on the maximum 
impact parameters for fusion, with both orientations producing lmax = 35.5871, or 
bmax — 7.4 fm, for the collision along (x,z) and lmax = 36.5871, or bmax = 7.6 
fm, along the (z, x) plane. This is due to the fact that the tensor terms within 
the static solution for the ground-state in 28Si produce modifications to the single­
particle properties, which lead to a smaller quadrupole deformation of the nucleus. 
As a consequence the orientation of the system plays less of a role on the fusion 
properties. This leads to the conclusion that a better understanding of the tensor 
component of the Skyrme force and their parameters within the effective inter­
action is essential, not only for reproducing ground-state bulk and single-particle 
properties of nuclei, but also on its role within collision dynamics, which in turn 
rely on an accurate description of static properties.
Figure 6.5 shows the time-even and time-odd contributions to the Skyrme en­
ergy for collisions at Ecm =  60 MeV and b = 7.2 fm (7 =  34.597i) along both the
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(x, z) plane and (z, x) plane using SLy5 and SLySt. Both the collisions in which 
the elongation of the deformed 28Si nucleus is perpendicular to the collision plane 
(labelled as (z, x) in figure 6.5) result in fusion with a root-mean-square radius 
and prolate deformation of r  ~  4.3 fm and /32  — 0.5 for the compound nucleus 
in both cases after t =  800 fm/c. The collision in which the deformed nucleus is 
aligned parallel to the collision plane (labelled as (x, z) in the figure) also results 
in fusion with similar properties to those just mentioned once the non-zero tensor 
parameters are included, whereas for SLy5 with the tensor parameters set to zero 
the collision results in inelastic scattering, with approximately one neutron having 
been transferred from the 160  nucleus to the 2 8 Si.
P
CDC
LU
-1040 Time-even -
-1080 X
-1120
SLy5 (x,z) ---------
SLy5 (z,x) -..........
-1160 SLySt (x,z) ..........
SLySt (z,x) . .........
■6
Time-odd
■8
-10
-12
-14
-16
-18
100 150 200 250 4000 50 300 350
Time (fm/c)
Figure 6.5: Time-even and time-odd contributions to the Skyrme functional
throughout the 28Si +  160  collision at Ecrn =  60 MeV and b — 7.2 fm for the 
two limiting cases of relative orientation of the system.
Although there is some modification to the value of the time-even and time- 
odd contributions at the start of the dynamic calculation depending on whether
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the tensor terms are included in the functional, all three collisions that result in 
fusion exhibit a similar behaviour over the full time evolution process. For the 
case resulting in scattering, both the time-even and time-odd terms result in much 
smaller contributions over time, with less oscillation than those resulting in fusion. 
In general the time-odd terms only contribute to ~  1% of the total Skyrme energy 
throughout the calculation in each case, but despite this, the terms have proved to 
have significant effects on the collision properties.
Figure 6.6 illustrates the energy contribution from the full spin-current tensor 
density, J 2, for the same set of collisions using SLy5 (top panel) and SLy5t, which 
contains the added tensor force parameters (bottom panel) with both orientations 
of the system as discussed previously. In this case the tensor force component 
of J 2 plays a large role on the overall energy contribution from this term in the 
static ground-states, particularly for the deformed 28Si nucleus. The tensor terms 
serve to increase the magnitude of the contribution from J 2 and reverse its sign. 
Over the full dynamical process all the calculations that result in a fusion reaction 
lead to a J2 contribution that exhibits a similar behaviour (despite the decreased 
magnitude for the collision using SLy5). For the calculation resulting in inelastic 
scattering, the J 2 terms follow a different pattern, leading to a contribution that 
becomes slightly exited after the initial collision impact between the two nuclei 
and with only a small oscillation of the energy throughout the time evolution. In 
all cases the pseudoscalar and pseudotensor components remain small through­
out the simulation, with the vector component of J 2 providing the largest energy 
contribution, similar to those shown in figure 6.4. If these terms are decomposed 
into the cartesian components then only J 2^  is non-zero if the tensor components 
are excluded from the energy functional, but for non-zero tensor parameters the 
JfiuJufi component provides the largest (negative) energy contribution. The energy 
provided by these terms, and particularly the tensor component, has been shown 
to lead to modifications to the single-particle properties in the ground-states of 
nuclei, which leads to an effect on the deformation properties, but as mentioned 
above they also have profound effects on the collision dynamics between nuclei, 
leading to shifts in the fusion barriers and thresholds.
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Figure 6.6: J 2 contributions to the Skyrme functional throughout the 28Si +  160  
collision at Ecm — 60 MeV and b =  7.2 fm for the two limiting cases of relative 
orientation of the system.
The set of 28Si +  160  collision calculations performed in this work have pro­
vided insights into the role of the time-odd and tensor components of the Skyrme 
interaction in the presence of ground-state deformation in nuclei and collision asym­
metry between them, allowing the three-dimensional time-dependent Hartree-Fock 
approach to be used to its full potential with the most modern Skyrme force param­
eterisations. These calculations have also illustrated the role of collision geometry, 
in which the different relative orientations of the whole system lead to different 
limiting cases for fusion barrier distributions and thresholds, which themselves are 
directly influenced by the calculated ground-state properties of the individual nu­
clei under investigation. It has been shown that the J 2 terms, and in particular 
the tensor parts, which have been neglected in most parameter fits to experimental 
data, have a role to play in modifying the calculated single-particle structures in 
nuclei and in turn the ground-state deformation, which have a profound influence
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on the dynamical properties that are affected by collision geometry. Even in situa­
tions where the time-odd and tensor densities only provide small contributions to 
the total Hartree-Fock energy, their influence in modifying single-particle properties 
can have large consequences in dynamics.
Chapter 7
Conclusions
In this work self-consistent mean-held theory, in particular the spherical Hartree- 
Fock and fully symmetry unrestricted time-dependent Hatree-Fock methods have 
been employed using the Skyrme effective interaction in order to investigate both 
the ground-state structure properties of nuclei as well as collision dynamics. The 
tensor and time-odd components of the Skyrme energy functional have been im­
plemented within a three-dimensional dynamical model and the contributions from 
these terms calculated.
The influence of the tensor component of the Skyrme effective nucleon-nucleon 
interaction has been studied on the single-particle structure in the superheavy el­
ements using the spherical Skyrme-Hartree-Fock plus BCS pairing model and a 
selection of modern Skyrme forces, including the added tensor terms with realistic 
coupling strength parameters. It was found that the inclusion of the tensor terms 
within the energy functional leads to a small increase in the spin-orbit splitting 
between the proton 2 / 7 /2  and 2 / 5 /2  partners, opening the Z=114 shell gap over 
a range of nuclei, although this increase in splitting and the calculated two pro­
ton separation function, Æ2p, are not conclusive to predict a Z=114 shell closure. 
The Z=126 shell gap, predicted to be a closure by most parameterisations of self- 
consistent mean-field models in the absence of the tensor component, is shown to 
be strongly dependent on nucleon number, with the tensor terms serving to open a 
possible Z=138 shell closure in neutron-rich isotopes of superheavy elements. This
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finding may have consequent implications for the synthesis of superheavy elements 
in the more neutron-rich regions of the nuclear landscape. Despite the modifica­
tions to the proton shell structures as a consequence of including the tensor force 
within the current calculations, the predictions for the single-neutron structures 
are shown to remain largely unchanged.
The strong nucleon number dependence of shell structure in the superheavy 
region is a consequence of the high level density in these nuclei. The theoretical 
predictions are therefore sensitive to the details of the different parameterisations 
of the effective interaction. The high ratio of neutrons to protons in these systems 
may also mean that it is necessary to consider the behaviour of the forces for 
describing the density dependence in asymmetric matter, which becomes relevant 
at the very extremes of nuclear existence. However further systematic study beyond 
the present work will be necessary to draw solid conclusions. It is also essential 
that further investigations are made as new experimental data becomes available 
and that Skyrme parameterisations are made in the future that incorporate missing 
ingredients such as the tensor force, with an emphasis on reproducing the single­
particle properties of a wide range of nuclei including those of the established 
superheavy elements.
Away from calculations of static properties from the Hartree-Fock equations 
under the assumptions of spherical symmetry, the extra contributions to the spin- 
orbit and tensor densities have been considered, along with all the time-odd densi­
ties for the purposes of dynamical simulations. A series of calculations have been 
performed for the symmetric collision between 16O nuclei at a variety of centre- 
of-mass energies and impact parameters, for which fusion is observed, as well as 
inelastic scattering. The inclusion of the time-odd terms is shown to be necessary, 
not only for preserving the Galilean invariance of the Skyrme functional, but they 
also lead to significant modifications to the fusion threshold energy, despite the 
fact that these terms only have a small contribution to the total Skyrme energy in 
comparison with the time-even ones. The threshold energies are also found to be 
modified by the choice of coupling strength parameters for the J 2 terms, and in 
particular the contributions from the tensor part of the effective interaction, which
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have not been studied in dynamical calculations until now.
A further set of calculations for the 28Si + 160  collision have been performed in 
this work and have provided insights into the role of the time-odd and tensor com­
ponents of the Skyrme interaction in the presence of ground-state deformations 
in nuclei and collision asymmetry between them, allowing the three-dimensional 
time-dependent Hartree-Fock approach to be employed to its full potential using 
the most modern Skyrme force parameterisations. These calculations have also 
illustrated the role of collision geometry, in which the different relative orientations 
of the whole system lead to different limiting cases for fusion barrier distributions 
and thresholds, which themselves are directly influenced by the calculated ground- 
state properties of the individual nuclei under investigation. It has been shown 
that the J 2 terms, and in particular the tensor force components of these terms, 
which have been neglected in most modern parameter fits to experimental data, 
have a role to play in modifying the calculated single-particle structures in nu­
clei and in turn the ground-state deformations, which have a profound influence 
on the dynamical properties that are affected by collision geometry. It has been 
found that even in situations where the time-odd and tensor densities only provide 
small contributions to the total Hartree-Fock energy in both static ground-states 
and collisions, their influence in modifying single-particle properties can have large 
consequences in dynamics, particularly in the context of fusion properties such as 
barrier distributions and thresholds.
Despite the necessity of the time-odd densities within the energy functionals for 
dynamical simulations, they have been little studied in the past, with the success of 
the time-dependent Hartree-Fock approach, particularly for describing properties 
such as fusion barriers, arising despite the fact that the parameters of effective 
interactions have generally not been fitted to data other than the static properties 
in even-even nuclei. The tensor component of the Skyrme interaction has also been 
neglected in general, particularly within the fitting procedure of many modern 
forces, although the several recent studies have provided new parameterisations 
with which these terms may be investigated. It has been shown that the different 
parameterisations generally lead to large uncertainties, particularly when it comes
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to the calculation of dynamical properties, such as fusion thresholds, which in many 
cases may be larger than the effects of the time-odd and tensor densities themselves. 
It is therefore vital for further efforts to be focussed on constraining the parameters 
of effective interactions, particularly the tensor components, with future Skyrme 
parameterisations incorporating not only the bulk and single-particle properties 
of ground-state nuclei, but also the dynamical features that may provide further 
insights into the role of the time-odd components of mean-helds.
Appendices
A ppendix A  
Identity (2.62)
The expressions in equations (2.58) and (2.62) need to be recoupled into a set of 
densities with a similar form to the terms outlined in sections 2.2.1-2.2.4 This is 
achieved through the identities defined in [45] along with identity (2.62) that deals 
with the components coming from the tensor part of the Skyrme force, which have 
a slightly different form to the other terms. To deal with this component, lets 
define
E  ( v ; v :  +  V .w )  S ,(r ,r ') |r=ri =  2S(r) • G(r).  (A.l)
[JL l> = X
The identity given in equation (2.62) then results from performing integration by 
parts on the left-hand side of the expression, before using relation (2.40), to produce
2S(r) • G(r)  = -  ^  [(v ;S M(r,r'))(V L S,(r,r'))
HV=x
+ (V„S>y))(V,S„(r,r'))‘
= -  E  Q v A H  -  ^ „ » )  ( lv ,S ,( r )  -  iJ„ (r))
jJ L V = X
-i(V-S(r-))2+ ( ^ J w(r-))
\n=x )
(A.2)
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Following a similar prescription for the density S(r) • F(r), defined in equation 
(2.17), leads to
2 S (r)-F (r)  =  -  ^  [(V;S^(r,r'))(V„S„(r,r'))
f l U = X
+ (VA(r,r'))(V'A(r,r'))
2
= - l ( v  ■ S(r))2 -  • (A-3)
\ H = x  J
These two expressions are then combined and rearranged to produce equation 
(2.62),
2S(r) • G{r) = -  (2S(r) ■ F (r) +  (V • S(r))2) , (A.4)
which form part of the Skyrme energy functional, arising solely from the tensor 
force.
A ppendix B
Skyrme Coupling Constants
Listed below are the isoscalar, Co, and isovector, Ci, coupling constants corre­
sponding to each of the densities and currents in equation (2.71). They are written 
in terms of the Skyrme force parameters that relate to the individual terms in equa­
tion (2.21). The coupling constants relating to time-even densities are calculated 
as,
C i =  — -  to (1 + 2a:o) + -ts (1 + 2x3) p(r)a 
C J  =  —  [3£i +  £2 (5  +  4^ 2)]
Ci = [t2 (1 +  2x 2) — ti (1 +  2xi)]
Cq P =  —— [t2 (5  +  Ax2) — 9 t i ]
C i P =  —  [3 t i (1  +  2xi)  +  *2 (1  +  2^ 2) ] , (B.l)
the time-odd ones are,
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C° = ô to (2xo — 1 ) +  - ^ 3  (2 ^ 3  — 1) p(r)1
C f  =  - - + çtsp(r)a
C^s — — [Sti (1 — 2xi) +  2^ (1 +  2 ^2 ) + 6(te — t0)]64
1
Ci — 5 4  +  ^2 — 2 (3^ e + 10 ) ]
C q =  — [ t i (2a:1 — 1) +  ^2 (1 +  2 2 :2 ) — 2 ( te +  3^0)]
Ci = — + 2 (te — t0)]
C(f = -  (te +  3t0)
c f1 =  — -  (c — c)
z^ VSu o
C ^ 8 — —^2 (^ e  +  £0) 5 (B.2)
and the coupling constants for the spin-orbit part of the Skyrme interaction are
C™ — ——Wq
c r  =  - ^ 0 , (B.3)
which contains both time-even and time-odd components.
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